RAPID COMMUNICATIONS

Dynamical decoupling using slow pulses: Efficient suppression offlnoise
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The application of dynamical decoupling pulses to a single qubit interacting with a linear harmonic oscillator
bath with 1f (more generally, strong low-frequencgpectral density is studied, and compared to the Ohmic
case. Decoupling pulses that are slower than the fastest bath time scale are shown to drastically reduce the
decoherence rate in thefléase. Contrary to conclusions drawn from previous studies, this shows that dy-
namical decoupling pulses do not always have to be ultrafast. Our results explain the recent experiment in
which dephasing due to flcharge noise affecting a charge qubit in a small superconducting electrode was
successfully suppressed using spin-echo-type gate-voltage pulses.
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The most serious problem in the physical implementatiorwas modeled as a system of harmonic oscillators, with a
of quantum information processing is that of maintainingspectral density of the forni(w)xw’e™“/Aw, with v=1
guantum coherence. Decoherence due to interaction with th@®hmic casg[2], or using a flat spectral density with a finite
environment can spoil the advantage of quantum algorithmsutoff A, [8], or without reference to a specific spectral
[1]. One of the proposed remedies is the method of “dynami-density but emphasizing features of its high-frequency com-
cal decoupling” or “bang-bang”(BB) pulses, in which ponentq3,7]. However, a ubiquitous class of baths does not
strong and sufficiently fast pulses are applied to the systenfall into this category, and we show here that then the con-
In this manner one can either eliminate or symmetrize thelition (1) is overly restrictive This is the case for so-called
system-bath Hamiltonian so that system and bath are effed/f noise, or more generally fiY («>0). In these cases the
tively decoupled2—-11]. The BB method was proposed in bath spectral density decays as a power law, bounded be-
[2], where a quantitative analysis was first performed fortween infrared(ir, lower) and ultraviolet(uv, uppey cutoffs
pure dephasing in the linear spin-boson mod¢{g=go, A, andA,,, respectively. In quantum computer implemen-
®B, whereo, is the Pauliz matrix andB is a Hermitian  tations this is often attributable t@ut certainly not limited
boson operator. The analysis was recently extended to th®) charge fluctuations in electrodes providing control volt-
nonlinear spin-boson model, with similar conclusions aboutges. The need for such electrodes is widespread in quantum
performance[3]. Decoupling has also been applied to thecomputer proposals, e.g., trapped idashere observed 1/
suppression of spontaneous emisgidhand magnetic state noise was reported i2]), quantum dot$13], doped silicon
decoherence induced by collisions in a vapek Since the [14], electrons on heliunj15], and superconducting qubits
decoupling pulses argrongone ignores the evolution under [16]. In the last case, in a recent experiment involving a
Hsgwhile the pulses are on, and since the pulsedam®ne  charge qubit in a small superconducting electr¢@eoper-
ignores the evolution of the bath under its free Hamiltonianpair boX, a spin-echo-type version of the BB was success-
Hg during the pulse cycle. The latter assumption is usuallyfully used to suppress low-frequency energy-level fluctua-
stated as tions (causing dephasinglue to 1f charge nois¢16]. Here

we explain the origin of such a result and discuss its general
At<1/A,, (1) applicability.

On the time scaleé>1/A ,, , the details of the system-bath
where At is the pulse interval length and,, is the high- interaction and internal bath dynamics become important.
frequency cutoff of the bath spectral densifyw) [2] [see  Since for 1f noise most of the bath spectral density is con-
Eq. (2) below]. It can be shown that the overall system-bathcentrated in the low, rather than the high end of the fre-
coupling strengtly is then renormalized by a factdrtA ,, quency range, it turns out that in this case BB decoupling
after a cycle of decoupling pulsd$], and that the bath- with slow pulses At>1/A,,) depends more sensitively on
induced error rate is reduced by a factor proportional tahe lower than on the upper cutoff. In particular, we show
(AtA,)? [7]. A temperatureT>0 sets an additional, ther- that the suppression of dephasing is more effective when the
mal decoherence time scale that must be beaten in order fowise originates in a bath with fl/spectrum than in the
the decoupling method to wofl2,8]. Ohmic case, owing to the abundance of ir modes in the

The conclusion(l) is extremely stringent, as the time former. In the following we present the results of our analy-
scaleAt may be too small to be practically attainable. More-sis contrasting the BB results forfland Ohmic baths.
over, as we show below, and has been argued before on the Decoupling for spin-boson modéNe consider the linear
basis of the inverse quantum Zeno effgtd], decoherence spin-boson model including periodic decoupling pulses. We
may be enhanced, rather than suppressed, if(BEqis not  first briefly review and somewhat simplify the results derived
satisfied. Equatioifl) is based on studies in which the bath in [2]. We usekg=7% =1 units. The Hamiltonian is
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H=Hg+Hg+HggtHp I’ (w) are strongly suppressed. In other worith® BB pulses
act as a high-pass filter for environmental noidgéor this
reason the BB method is particularly effective fpeneral
strong low-frequency noise, in particular, but certainly not
limited to, the 1f case. Note further that the singularity of
where the firs{second term governs the free systefbath  tar? at wAt=(21+ 1) for an integerl is canceled by the
evolution; the third term is thélinear system-bath interac- vanishing of 1- coswt,y at the same points, S6p remains
tion in whichb, is thekth-mode boson annihilation operator finite. Nevertheless, and as already pointed ouf2 the
andgy is a coupling constant; and the last term is the fullyvalue wAt= 7 is special: In the limitN>1 the integrand of
controllable Hamiltonian generating the decoupling pulses: Eq. (4) is highly oscillatory foroAt> 1, and grows to 182

N atwAt= 7. Thus, decoherence suppression is effective when

HP(t):nZl Vn(t)ei eto'z/20.xe—ieta'z/2, AUUAt< - (5)

€
=§0z+§k: wkblbk"'Ek o (g b+ gkbl) +Hop,

This is an upper bound oAt that is independent of the
specific form ofl (w). Note further that decouplingnhances
¢ decoherence from all modes with I(#1)7/2<wAt<(4l
+3)7/2, since for these values HmwAt/2)>1. However,
this effect may be quenched if the weight of these modes is
sufficiently low; this is indeed what happens in thé tase.
(w)=2 8(w—wy)|gd?. 2 Results forl/f and Ohmic spectral densitieket us now
K . .
assume that the spectral density has the following form:
The reduced system density matrix is obtained from the ()= yo
total density matrix by tracing over the bath degrees of free- Yo
dom

where the pulse amplitudé,(t)=V for t,<t<t,+7and 0
otherwise, lasting for a duration<At, with t,=nAt being
the time at which theth pulse is applied. The properties o
the bath are captured by its spectral density

v==+1, (6)

with uv cutoff A, and ir cutoffA;, . Thus we are comparing
_ _ t 1/f noise (the casev=—1) to an Ohmic batlthe casev
ps()=Tra[p(t)]=Tre[U(t) ps(0) @ p(O)U (1)1, = corsidered 2D,
where we have assumed a factorized initial condition be- To explain the effect of pulses qualitatively, we approxi-
tween the system and thermal bath, du(t) is the time mate tafix by x*(1—2x/m) *, which allows us to obtain an
evolution generated byi:U(t)=Texd —ifidsHs)] (7 de-  explicit form forI'p for 0< A, At<</2. We further expand

notes time ordering We are interested in how decoupling C0thx~1+2exp(-2x) (x>1). Then, the contribution td'p
improves the system coherence, defined pg,(t)  for 1/f noise at low temperature is the sum of the zero tem-

=(0|ps(t)|1), where|0),|1) arec, eigenstates. In the inter- Perature part
[ Aw] | [ 7 AwAt
M A, | " 7=A, At

action picture with respect tblg and Hg the result in the
absence of decoupling pulsdfree evolution is pp,(t) TI=O(N,AL) = y(At)?
Ay w)|1—coswt —Ci(A,ton) T Ci(Aptoy) +O(AL) |,
Fo(t):f dw cot?—(%) = (), 3 (Auptan) + Ci(Agton) +O( )}
ir w

=e Tolpt (0), where

)
B=1/(kgT). In the Schrdlnger picture ttlie;elare oscillations and the low-temperature correction
at the natural frequency, i.e., poi(t)=€""“ppy(t).
Similarly in the presence of the decoupling pulses, at y(At)2 2ALT
ton=2NAL, poy(ton) =€ '<ane Te(NAD,H0 (0), where we rI=O(N,At) = > IN(1+T2t5,)+ ——
can show from Eqs(46) and (47) of [2] that ™
1
Ay Bw\1l—coswtyy x{1— +0O(T? 8
Fp(N,At)=4inr dwCOtI’(T)T 1+T2t§N (T, (8)
wAt where Ci is the cosine integral. In E¢B), the limits A;,
X1(w)tar? - (49 —0 andA,,— are taken. All terms are finite in these

limits. The first and second terms i) ~®(N,At) (indepen-
The taf(wAt/2) term (which was not found if2]) is the  dent oft,y) determine the asymptotic valug = (ex,At);
suppression factor arising from the decoupling procedure. Ithe remainder is a damped oscillatory part, given by the dif-
effect, the bath spectral density in the presence of decouplinfgrence of two cosine integrals, that vanishes at long times.
pulses has been transformed fro(w) to the effective spec- The second logarithmic term diverges as the pulse interval
tral density |’ (w)=1(w)tarf(wAt/2). This is a crucial approaches the inverse uv cutoff frequency time scale of the
point: owing to the tah factor the low-frequency modes in bath leading to decoherence enhancement from ttetéam
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FIG. 1. Temporal behavior of the logarithm of the decoherence F|G. 2. The temperature dependence of coherende=4t y

factors atT=0. The initial coherencep{)l(O):l. Parameters are
vy=0.05, A,,=10 for Ohmic andy=0.25, A ,,=80 for 1f, A;,
=1, At=0.025 for both. Thick soliddashed line: 1/ case with
(without) decoupling pulses. Thin solihashed line: Ohmic case
with (without) decoupling pulses. Equatiof8) was used for the
case without decoupling pulses, while E4) was used for the case
with decoupling pulses at eath-t,y . The dotted line is our ana-
lytical result in Eq.(7).

=0.1 for Ohmic case ang=0.5 for 1f case,A,,=20, A;;=1,
At=0.125. Legend as in Fig. 1.

In Fig. 2, a finite temperature result is shown. The decou-
pling pulses enhance the decoherence for the Ohmic bath
even at low temperatures, since for the parameters chosen the
condition(1) is not satisfied. On the other hand, decoherence

suppression in the fl/case is highly effective. At high tem-

in Eq. (4). These behaviors are reflected in the exact solu
tions displayed in Fig. 1. The leading order finite temperaturé
correctionT'{ ~9(N,At) can be separated into two terms.
The first term characterizes the asymptotic power law deca
and the second term gives the initial damping and th
asymptotic relaxation to thiey-independent constant.

In Fig. 1 the logarithm of the decoherence factbigt)
(free evolution andI'p(t) (pulsed evolutiopfor the 1f and
Ohmic cases are shown. The smallerthe more coherent is
the evolution. The apparent oscillations with a frequenc
given byA ,, are caused by the use of a sudden cutoff. Give
the parameters used in Fig. 1, the standard time scale con k
tion At<1/A,, is not satisfied in the ¥/ case, while it is
(AtA,,=0.25) in the Ohmic case. The most striking feature
apparent in Fig. 1 is the highly efficient suppression of de-
coherence in the case offloise, in spite of the seemingly th
unfavorable pulse interval length. In addition, it can be
shown that decoherence due to thé bAth is accelerated
when the ir cutoff is decreased, and is more sensitive to the ir
cutoff than the Ohmic case. This is a direct consequence of
the fact that most of the modes in af ¥pectrum are con-
centrated around ;, . For 1f baths we therefore expect slow
and strong decoherence on a long time scale, that may be
efficiently suppressed by relativebjowand strong pulses. A
similar conclusion is applicable to baths withf 1/spectral
density. More generally, our results imply that the effective-
ness of decoupling pulses is determined by how well the
modes are concentrated in the low-frequency regime com-
pared to the suppression of these modes by thfeftantor of
Eq. (4). Thus for baths with general spectral density in Eq.
(6), the smallerv (= — «) is, the more successfully the de-
coupling works.

perature, it has been argued on the basis of the Ohmic case
hat decoupling pulses faster than the thermal frequéincy
are required to suppress decoheref@e Once again, the
nature of the bath can qualitatively modify this conclusion.
e;fhus decoupling by relatively slow pulses that obey the con-
dition A ,,At~1 can still be effective for decoherence sup-
pression at elevated temperatures. However, as the tempera-
ture increases, the effective spectrum shifts toward low
frequencies, and at the same time, the influence of the envi-
ronment increases. Overall, BB decoupling becomes ineffec-
Yive irrespective of the type of bath. This explains the break-
own of decoherence suppressiomat1000 in Fig. 3. Note

om the figure that the suppression of decoherence for the
1/f bath is more effective than for the Ohmic bath through-
out the whole temperature regime.

For pulses that are too slow, BB decoupling accelerates
e decoherencgl0]. For the Ohmic bath, as the interval

-

0.5
AWAt/n:

FIG. 3. Coherence as a function of a pulse interval at finite
temperature is plotted &t 2, calculated from Eq(4). Parameters

For our pure dephasing case at finite temperature, there {ge ,=0.5, A, =100, A, =0.01. Thick (thin) curves are ¥/
the thermal time scalte);ET‘1 at which thermal fluctuations  (Ohmic) case.T=10 for upper lines and = 1000 for lower lines.

start affecting the system’s coherence. In particular, Tor

The dotted line(mostly hiding behind the upper thick lipés our

>A,,, decoherence is governed by the thermal fluctuationsapproximate analytical result, Eqg) and(8), at T=10.
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approaches the threshold vali@® from below, there is a Conclusions We have shown that the speed requirement
crossover from decoherence suppression to decoherence @fi-the decoupling method should be stated relative to the
hancement, as shown in Fig. 3. For thé hath, suppression type of bath spectral density, and not just in terms of its
is still effective for longer pulse intervals as long &sA,,  upper cutoff(baths with bimodal spectral distributions pro-
< is satisfied. vide another example of thig3]). Most significantly, our

It is of interest to compare our results with the gate-€Xact results have demonstrated that BB decoupling can be

voltage pulse experiment performed][it§] in a Cooper-pair expected to be highly effective in suppressing decoherence
box. The corresponding parameter values in &j.are y  due to the ubiquitous 1/noise, and more generally strong
=2EZale’*t?~0.1. Thus the weak couplingGaussiaj ![Qw-frequ?nqytncilhse{ without Qawtr;? to st%tlsdfy thelstg%ger}:
limit we are considering in this work is applicable with the Ime constraints that may render e method overly dimc

. B to implement in other instances. We expect this to have sig-
Josephson charging energy. =122 eV and the constant piseant implications, e.g., for suppression of noise due to

a=(1.3x10 °e)? determined by the noise measurement. Tocharge fluctuations in electrodes providing control voltages
achieve 90% decoherence suppression with=100 Hz iy quantum computation. Such a result has already been ob-
and A,,=10 GHz atkgT=5 peV, the pulse intervalt  tained experimentally in a Cooper-pair box experinmigi]
~0.25 ns is required from our analysis based on(Bpwith  and is predicted to apply to trapped-ion quantum computa-
N=1. Although the pulse sequence[d®] differs from ours  tion as well[11].

(theirs is thew/2-7-m/2 spin-echo sequengehey play es- Note added in proofSubsequent to our work several pa-
sentially the same rolghough their sequence is known to be pers have appeared that also deal with suppressionfof 1/
more robust to systematic errprOur At value roughly noise via BB decoupling19—-21], and that deal with model-
agrees with their value\t~0.5 ns, deduced from Fig. 2 in ing 1f noise in solid-state qubit systenj22,23. Most of

[16]. This agreement nicely illustrates the experimental feathese workg19—27 treat 1f noise microscopically, as aris-
sibility of the BB in the case of ¥/noise. Note that this INg from a collection of bistable fluctuator®SF), while
agreement is essentially free from paprameter adjustment&ef.[23] considers nonlinear coupling; the resulting model is
(i) The role of temperature in the loWwregime, T=1-10, is hence not necessarily Gaussian. However, all these works

insignificant.(ii) There is a weak logarithmic dependence on'€duceé to our model in the appropriate limitsveak-

Ay, in Eq. (7), which does not essentially change the vaIueCOUp”ng’ and/or fast BSF, and/or many BSReferences

of At (except wherht is very close tO/\Jul)- The effective- [20,21] essentially follow the same decoherence suppression

. ) : . Strategy as ours, but use the model fdmbise considered in
ness of spin-echo-type pulses in relation to superconducting¢ [18].

qubits was also recently discussed[i¥]. The spin-boson
model is appropriate for the study off Ihoise due to a large The present study was sponsored by NSERC and the
number of weakly coupled background charfe8] and ex- DARPA-QuIST progranimanaged by AFOSR under Agree-

plains the observed Gaussian decay of cohergh@k ment No. F49620-01-1-0468to D.A.L.).
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