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Encoded recoupling and decoupling: An alternative to quantum error-correcting codes applied
to trapped-ion quantum computation
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A recently developed theory for eliminating decoherence and design constraints in quantum computers,
“encoded recoupling and decoupling,” is shown to be fully compatible with a promising proposal for an
architecture enabling scalable ion-trap quantum computéborKielpinski et al, Nature(London 417, 709
(2002)]. Logical qubits are encoded into pairs of ions. Logic gates are implemented using rives&o
Mdlmer (SM) scheme applied to pairs of ions at a time. The encoding offers continuous protection against
collective dephasing. Decoupling pulses, that are also implemented using the SM scheme directly to the
encoded qubits, are capable of further reducing various other sources of qubit decoherence, such as due to
differential dephasing and due to decohered vibrational modes. The feasibility of using the relatively slow SM
pulses in a decoupling scheme quenching the latter source of decoherence follows from the obgerved 1/
spectrum of the vibrational bath.
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I. INTRODUCTION more generally, the notion afniversal QC, while overcom-
ing decoherence as well as design constratlms been ex-

In the quest to construct a scalable quantum computer, plored by us and coworkers at a theoretical level in a series
recent proposal1] advocating an array-based approach toof recent paperg33—41. This theory uses a combination of
quantum computingQC) with trapped ions appears particu- qubit encoding into a DFS with selective recoupl[i3g] and
larly promising. lons are stored for later processing in adynamical decoupling42-50 operations, so we refer to it
memory region, then transported to an interaction region2S “encoded recoupling and decouplingZRD). The utility
where pairs are coupled in order to enact quantum Iogi@f ERD as a general method for quaptum simulation, univer-
gates. This proposal overcomes some of the design cors@l QC, and decoherence suppression has also been stressed

: e : : d explored by Viold51].
straints that plagued the original Cirac-Zolkg€Z) ion-trap ~ &" _ .
QC proposal 2], which prevented the latter from becoming The main focus of ERD so far was on solid stg88-41

fully scalable. In the new proposal an encoding of a singleand NMRI51,52 QC proposals. Here, we presentiaified

; L treatmentof the ERD ideas, and show that they apply also in
logical qubit into the state§0,)=|]1),|1.)=|11)} of two ; . . ey )
trapped-ion(physica) qubits is used. Quantum logic gates an atomic physics setting, namely, the QCCD ion-trap pro

) . posal[1]. Specifically, we show here how to perform univer-
are implemented using the/@msen-Mémer (SM) scheme ¢, ¢ on DFS qubits comprised of pairs of trapped ions, by

[3.4] (see also related schemes by Milbwehal. in Refs. ,ging the SM scheme for quantum logic, in a manner that
[5,6]), which has the advantage of reduced sensitivity to mojyolves manipulating only pairs of ions at any given time,
tional state heating compared to the CZ proposal. The encoggnile always perfectly preserving the DFS encodifsge
ing into {|11),[T1)} is useful because these states form agrown et al. [53] for an interesting alternative set of ion-
decoherence-free subspdB¥-S) [7—10] with respect to col-  pairs-only logic gates, which, however, does not preserve the
lective dephasing, a process whereby the environment intrddFS at all times By applying strong and fast dynamical
duces identical random phase modulations on groups alecoupling(“bang-bang”[42,43) SM pulses we show how
physical qubit§11]. In the context of the “quantum charge to further drastically reduce sources of decoherence beyond
coupled device”(QCCD) proposed in Ref[1], such a pro- collective dephasing. While a qubit is beisgored an ex-
cess is one of two dominant sources of decoherence. Themple of such a source of decoherence is deviations from the
DFS encoding reduces the collective dephasing problem bgollective dephasing approximation. While a qubit is being
several orders of magnitudé2]. A method to perform uni- manipulatedfor the purposes of QC, coupling to vibrational
versal QC using the SM scheme on these DFS qubits wasodes is necessaf2—6], and decoherence of these vibra-
proposed in Ref{1], and independently in Ref13]. tional modes due to patch-potential noise is the second domi-
The DFS encoding|| 1),/ 1)} is well known[9,14—-18, nant source of qubit decoherencd8,54—-58. A method to
and its utility against collective dephasing was demonstrateduppress vibrational mode decoheref@e well as heating,
experimentally using photorfd 7] and trapped iongl8]. The  which is not an as serious problem when the SM scheme is
notion of universal QC using a DFS has been explored, irused, employing a version of the dynamical decoupling
general, in Refs[16,19—-2] for Hamiltonians that always method known as “parity kicks,” was proposed and dis-
preserve the DFS; ifi22—-24 using a combination of DFS cussed in detail by Vitali and Tombe&VT) [46,47. This
and active quantum error correction methf25—31]; and in  method uses a fast and strong modulation of the trapping
Ref. [32], using an approach wherein transitions out of thepotential. We present here an alternative decoupling method
code space are suppressed by continuous observation. Sfitlr suppressing decoherence of ion-trap qubits due to their
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coupling to decohered vibrational modes, that operates diH. ENCODED UNIVERSAL LOGIC GATES IN ION TRAPS

rectly on the qubit(spir) states. The feasibility of this To fix terminology we first connect the methods devel-

fsclreme]: n spr|]te o;‘)the redlarlve sIownessf 0:1 the.bS M. pul‘T‘es‘Oped in Refs[33-39 to the gates proposed for trapped ions
ollows from the observe ; spectrum of the vibrational ;, pef [1]. Let X;,Y;,Z; denote the standard Pauli matrices
bath[56,57. The concentration of most of the bath spectral x o0, acting on théth physical qubitwe will use both

density in the vicinity of the low, rather than the high- \\,aiions interchangeablyin Ref. [33], it was shown that

frequency cutoff, implies much relaxed constraints on theq the code{|0,)=|11),]1,)=|11)} the encoded logical

decoupling pulses compared to those usually assumegherationginvolving the first two physical qubiisare
[42,43,46,47. A full analysis of this result is presented in

Ref. [58].

More generally, we show here hoall sources of deco-
herence beyond collective dephasing can, in principle, be
suppressed using sufficiently strong and fast SM pulses. This 1
includes bath-induced “leakage errors,” wherein the system- Y1275 (YaXo =X Ya),
bath coupling induces transitions into or out of the qubit
subspac¢37,39,49. We provide feasibility estimates for the _
decoupling pulses and find that they are within current ex- Z15=5(Z1=2Z3). 1)
perimental reach. The overall picture emerging from this
work is that ERD provides a means for a robust, These operations form an (@) algebra(i.e., we think of
decoherence-resistant implementation of universal QC witlthem as Hamiltonians rather than unitary operatoie use
trapped ions. Experimental implementation of the ERDa bar to denote logical operations on the encoded qubits. In
method should be possible with current ion-trap technologyRefs.[33—35 these logical operations were denotedTiy,
and we suggest a few experiments. ae{x,y,z}, and a detailed analysis was given on how to use

In this work, we assume that our pulse sequences can hgpical solid-state HamiltoniandHeisenbergXXZ, and XY
implemented perfectly. This clearly is an assumption thaimodels to implement quantum logic operations using this
must be relaxed in a more realistic treatment. In a futureDFS encoding. E.g., the terid; X,+Y,Y, is the spin-spin
publication, we will address the problem of imperfect pulsesinteraction in theXY model, andZ; —Z, represents a Zee-
in terms of the theory of composite pulsgs9,60. This  man splitting. A static Zeeman splitting and a controllable
theory has been developed in NMR, where experiments inXY interaction can be used to generate a universal set of
volving thousands ofimperfec} pulses are common, and it 10gic gates, a result that has very recently been applied in the
provides a robust method for dealing with such imperfec-context of spin-based QC using semiconductor quantum dots
tions (both off-resonant effects and pulse-length efrimsa ~ @nd cavity quantum electrodynamig§1]. Similar conclu-
systematic manner. Another possibility is to consider concatsions hold when th& interaction is replaced by a Heisen-
enation with quantum error correcting codes, as done iferg [34,62,63 or XXZ interaction [35], or even by a
Refs.[15,22—24 for DFSs, so as to benefit from the fault Heisenberg interaction that includes an anistropic spin-orbit
tolerant implementation of such codg6,30,31. term [38]. We remark that, as first shown in Refd6,19,

The structure of the paper is as follows. In Sec. II, wethe various types of exchange interactions can be made uni-
review the DFS encoding into two spins and the associatedersal also without any single-qubit terrfsich as a Zeeman
logic gates. We show how our previous formulation thereofsplitting), by encoding into three or more qubjts,64—61,
can be reinterpreted in the context of acting on pairs of result that has been termed “encoded universali6g].
trapped ions within the SM scheme. We also present a
method for coupling pairs of encoded qubits using pulses A. Logic gates on two ions encoding a single logical qubit

that involve controlling only pairs of ions at a time, while  ggansen and Mioner proposed a quantum logic gate that
always preserving the DFS encoding. In the subsequent Se&')uples two ions via a two photon process that virtually

tions, we discuss how to reduce decoherence. In Sec. Ill, w, opulates the excited motional states of the iBsThe SM
review the decoupling method, emphasizing its applicatiory.heme works well even for ions in thermal motion, while
to trapped ion arrays. We then proceed to apply the ERQo c7 scheme requires cooling the ions to their motional

method: in Sec. IV, we show how to eliminate the residualy q g state. The SM scheme involves applying two lasers
differential dephasing contribution to decoherence using SN opposite detunings to the two ions. Ideally, the Lamb-
pulses; and, in Sec. V, we discuss how to reduce all furthefy; e limit should be satisfied ' '

sources of decoherence, including the component that arises

due to coupling to decohered motional states. Then, in Sec. (n+1) n?<1, 2

VI, we show how to fully implement ERD, i.e., we show

how to combine universal QC via recoupling over DFS-where » is the Lamb-Dicke parameter andis the mean
encoded qubits with decoherence suppression via encodetbrational number. Deviations from the Lamb-Dicke limit
decoupling. To make ERD fully effective for trapped ions we lead to fidelity reduction that is proportional tg* [4]. The
suggest to combine it with the VT potential-modulation time required to prepare a maximally entangled state using
method. Concluding remarks are presented in Sec. VIl.  the SM scheme is

— 1
X1o= 5 (X1 Xo+Y1Y5),
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TSM=,7—QR 3

where() is the Rabi frequency and is an integef{4]. For
realistic parameters, in the strong-field imK€1 in Eq.
(12) of Ref.[4]), Tgy can be made as short asubec.

In Ref.[1] it was shown that the SM two-ion gate can be

expressed as follows. The unitary gae(6d,¢,,¢,) was
introduced, which we here renarik; (6, ¢; , ¢;),

Uij (6, i, b)) =expli 0Xy X, )
=cog O)li1;+isin( )Xy Xy, (4
wherel is the identity operator and
Xy=XC0sp+Y sine.

The phasep; is the phase of the driving laser at tié ion,

PHYSICAL REVIEW A&7, 032313(2003

we only need to use Eq$6) and (7), while ignoring the
component that annihilates the DF%,¥). Then

expli 6X19) = U1 6,0, ) =U 15 6,0),
— T
:Ulz( 9,5),

_ m— — m—
expi 0Z,,) = ex;{ [ ZYlZ) exp(i 0X1,) ex;{ —i Zle)

eXF(i 0712): UlZ( 0,¢,¢+ ;

— o — — o
:Ulz(Z’WIZ)UJ.Z(e’O)UlZ _Z,W/2> (8)

The third line follows from the elementary operator identity
Xg=Xcosp+Y singp=e1#22xd#22, 9)

which holds for any s{2) angular momentum s¢¥,Y,Z},

while () and can be set over a wide range of values; ¢ ~operators that satisfy the commutation relatiohyY]

[4,69]. Introducing the operators

N| =

. 1 -
Xij=5(XiX;=YiYp,  Yi=5(iXj+XY) (5

(denotedRY , RY.

%, RY, respectively in Refs[33-35), we can
express

Uij(6,6i,¢;)=cod 8)| +isin(6)[ cod A ¢j) X,
+Sin(A ;) Y+ cog D)) X;;
+sin(@y) Yy 1, (6)
where®;;= ¢;+ ¢;. It is simple to check thaf(ii and?ij

annihilate the code subspa¢®,)=|11),/1.)=|1/)} and
have nontrivial actiorfas encode® andY) on the orthogo-

=2iZ (and cyclic permutations thereofin particular, also

the encoded operatofX,Y,Z}.

This proves the equivalence of the two sets of operators.
Using these results and E@), a more direct connection can
be written in terms of the Hamiltonians:

X122 XXy (10)

V12‘:’)(¢>x¢+77/2- (11

where the equivalence is meant in terms of a projection of
the right-hand-side Hamiltonians to the DFS. In the context
of ion-trap QC the logic gat&(6,A¢) can be performed
directly as an SM gate, so it may be more intuitively useful
than the{X,Y,Z} set. Equationg8) show that by properly
choosingd andA ¢;; all single DFS-encoded qubit gates can

nal subspacg|||),|17)}. Therefore, as also observed in be performed.

Refs.[1,13], upon restriction to the DFS we can write

B. Entangling gate between pairs of encoded qubits involving
four ions

DFS__
Uij(0,éi,¢;)— Ujj(0,A ;)
_ _ _ In Ref.[1] the following unitary gate was introduced:
=expi 0XA¢ij)=COS(t9)| +i sin(G)XM,ij.
o
(7) U4: ex;{ —1 ZX¢1X¢2X¢3X¢,4
The fact thatU;; depends only on the relative phase;; is
crucial: this quantity can be controlled by adjusting the angle
between the driving laser and the interatomic axis, as well as
by small adjustments of the trap voltagéshich, in turn,
control the trap oscillation frequency, and hence the ion spac-
ing), whereas it is much harder to control the absolute phase
¢i [1,69,70, and hence als®;; . This is why the code sub-
space{|| 1),/T1)} enjoys a preferred status over the sub-
space{||]),|T1)}. A thorough theoretical analysis of the _  T— =
approximations leading to the gatk;(6,¢;, ;) is given in =exp —1 7 Xag, X005,
Ref.[4] (see also Ref.13] for an abbreviated exposition that
emphasizes the connection to computation in a DFS where the last equality holds in the subspace spanned by
Let us establish the connection between the seemingl{{01),/10),,} X{|01),|10)3,}. This gate, also considered
distinct sets of logic operations in Eq4) and(4). To do so, in slightly less general form in Refl13], can be used to

\/E(I ll 2| 3| 4= |X¢1X¢2X¢3X¢4)
DFS 1 _

> — (119l 3= 1 X5 6, Xag,)
\/2 12 34

(12
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entangle two DFS qubits using the SM scheme. It involvesThis generates the single-qubit gate=iexd —i(#/2)X;].
simultaneous control over two phase differenceSSUppose thaHss=2iN=1Eae{xy 2Yio®B;*. Each term in
A ¢12,A ¢34, and thus control over the motion of two pairs of 1 either commutes or anticommutes with. If a term A
ions. The casé ¢1,=A ¢5,=0 was used ii70] to demon-  in Hg, anticommutes withX; then the evolution under
strate gntangler_nent of four trapped-ion qubits, but thist will pe conjugated by the gateX;: Xexp(—iAAt)X;
choice is not unique. _ ) =exp(—iX;AXAt)=exp(AAt). This allows for selectively re-
We now come to an important point that was not ad-moying this term using the parity-kick cycle, which we write
dressed in Refl1]: in order for the DFS encoding to offer as[At,X;,At,X;]. Reading from right to left, this notation
protection against collective dephasing during the exectiop,eans: applyX; pulse, free evolution for time\t, repeat.
of the entangling gateollective dephasing conditions must Suppose that i/ve can also apply the single-qubit g4te
prevail over all four ions To see this, note that a differential Then, since every system factor in the abblg; contains a
dephasing term such aZ{-Z;)®B (whereB is a bath  gingle-qubit operator, it follows that we can selectively keep
operatoy does not commute with/,, so that if such a term o yemove each term iRl g by using the parity-kick cycle.
exists during gate execution then the DFS will not be preqgte, however, that without additional symmetry assump-
served, according to a theorem in REE9]. On the other ions this procedure, if used to eliminai# errors, requires
hand, collective dephasing over all four ions, expressed by § humber of pulses that is exponential in the number of qu-
system-bath coupling of the fom(_,Z,)®B, does com- pjts N [44,48. The reason is that without symmetry assump-
mute withU,, so that in this case the DFS is preser/&8].  tions we will need at least two noncommuting single-qubit
While deviations from collective dephasing over pairs Ofoperators per qubie.g.,X, Y), and we will need to concat-
ions have been shown experimentally to be sitf], this  enate decoupling pulse sequences. Below we show how to
may not be the case over the length scales involving fouglynamically generate such symmetries, in a way that avoids
ions[12]. We discuss in Sec. IV, how to create such extendeghis exponential scalin¢for a discussion of this point see the
collective dephasing conditions. Conclusions sectionNote that in the analysis of the parity-
Taken together, the results in this section show how uniyjck cycle we ignoredHsg andHg, while R was operating;
versal QC can be implemented using trapped ions by applyhis is justified by thestrengthassumption. The bath Hamil-
ing the SM scheme to pairs of ions at a time, each encodingynianH, commutes with the applied pulses, but its effect is
a DFS qupit. The .DFS en.coding takgs care of protecting thgery important sincéHg ,Hsg]#0, in general. Therefore, if
encoded information against collective dephasing. We nowhe hath has spectral components at frequencies higher than
move on to a discussion of how to reduce additional sourcene inverse of the interval between decoupling pulses, then

of decoherence. the bath density matrix will be modulated by phases that are
essentially random, and this effect will show up as decoher-
Ill. DYNAMICAL DECOUPLING PULSES AND THEIR ence (for a quantitative analysis see Refé2,43,47-49
APPLICATION TO TRAPPED IONS Hence, it is commonly assumed that the pulse intedval

should be small compared to the inverse of the high-

_Let us briefly review the decou_pling technique, as it Per-frequency cutoff . of the bath spectral density(w)
tains to our problentfor an overview see, e.g., RB1]).  [42 43, which also sets the scale of the bath-induced noise
Decoupling, as proposed by Viola and Llojd,43, relies  correlation timet, (the speedassumption It can be shown
on the ability to applystrong and faspulses, in a manner that the overall system-bath coupling strengtkg is then
Whlch effectlvely averages the_ system—bath_ Interactionenormalized by a factoAtw, after a cycle of decoupling
HamiltonianHgp to zero. A quantitative analysis was first pulses[44], or that the bath-induced error rate is reduced by
pe.rformed in Refs[42,43] for pure dephasing in t.he linear 5 factor proportional to At/t.)? [48]. Using a Magnus ex-
spin-boson modefwhich corresponds to the ohmic case of hansion[60], it can be shown that there is a hierarchy of
the Caldeira-Leggett modgT1]): Hsg= yo’®B, whereBis  gecoupling schemes, wherelyyg is renormalized by a fac-
a Hermitian boson operator. The analysis was recently exg, (Atw.)*, wherek=1 is the order of the decoupling
tended to the nonlinear spin-boson model, with similar CONscheme[44]. The implication for single-qubit dephasing,
clusions about performan¢d9]. Imperfections in the pulses Hes=1vssZ® B (B is a dimensionless bath operatds that
were considered if48], and it was shown that an optimal 4 dephasing tim&, is increased by a factor Wtw,)
value for the pulse period can be found. Since the decouplin972]_ Thus, it seems crucial to be able to apply pulses at
pulses arestrongone ignores the evolution undefsg while  jyiervals At<1/w,. However, as shown first by Viola and
the pulses are on, and since the pulsesfaseone ignores | |5y [42], and then by VT in their quantitative analysis of a
the evolution of the bath under its free Hamiltonidg dur- y;iprational mode linearly coupled to a boson bath, a finite-
ing the pulse cycle. The simplest example of eliminating anegmperature bath sets another, thermal time scale that must

undesired unitary evolutiotJ =ex —it(HsgtHg)], is the e peat in order for the decoupling method to wptK]. Let
“ parity-kick sequence[42,43,44. Suppose, we have at our ihe system-bath coupling be

disposal a fully controllable interaction generating a gate

such that ‘R conjugates & R'UR=UT. Then, the se- vib .

quenceURTUR=1 serves to eliminaté). A simple example Hsg= Vzk: (abg+a'by), (13
of a parity kick sequence is the following. Assume we can

turn on the single-qubit Hamiltonia®2 X; for a time m/2(). wherea (by) is an annihilation operator for the systeifth
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bath vibrational mode, and is the(for simplicity uniform)  decoupling pulses on the quhit addition to, or perhaps
energy damping rate. In the context of trapped ions the batmstead of, the VT trapping-potential-modulation scheme.
is provided by fluctuating patch-potentidldue, e.g., to ran- Now let us comment on the strength assumption. Here,
domly oriented domains at the surface of the electrodes owve must make sure that the amplitude of the decoupling
adsorbed materials on the electrodesb]. Then VT showed pulses(), can be made much stronger than the system-bath
that the decoupling pulse intervéh fact, the entire cycle interactiony in Eq. (13). The heating ratéy.{T) from the
time) must be shorter also than the thermal decoherence timdbrational ground state of the ion chain is experimentally
measurable, angr=[(1+2n(T))tged T)] 1. Typical values
taed T)={y[1+2n(T)]} 4, of n(T) range from 18 to 10* asT ranges from 10 mK to 1
K [47]. Experimental measurements oftdl{T) are very
wheren(T)=[e"“0’ksT—1]"1 is the mean vibrational num- sensitive to trap geometry, secular frequency, and [&8¢
ber of the system oscillator at thermal equilibrium with tem-and range from a few Hz to a few tens of KIf&6,74. On
peratureT, andwg is the frequency of the oscillator, i.e., the the other hand, one can hafeas high as 1 MH£75]. Thus,
system is described by the harmonic-oscillator Hamiltoniarthe strength assumption can be comfortably satisfied. This
Hs=fiwoa'a. Thus, the time scale condition for successfuldoes come at a price, however, since in the strong-field limit
decoupling is the SM gate is perturbed by a term that yields direct, off-
resonant coupling of the qubjt) and ||) states without
At<min{lw¢ ,tged T)}. changes in the vibrational motidd]. This is aunitary gate
error that decreases the gate fidelity By/2) (Q2/8)2, where
As shown in the VT analysis, the time scalg{T) is espe- N is the number of ions participating in the gafd] Table
cially relevant for vibrational mode decoherence in ion traps]l). This forces us to be in a parameter regime, wh@re
which as already mentioned above, is responsible for qubi §. In principle, it is possible to exactly cancel this effect if
decoherence during quantum logic-gate operations. the duration of the laser pulses is chosen so that both3q.
However, for trapped ions experimental evidence so faand the conditionrgy,=K'n/ are satisfied, wherk’ is an
points to a 1f* spectrum for the vibrational bath over a integer ands is the detuning. However, in the context of
range 1-100 MHz ([56] p. 5), implying that there is no decoupling we will also need to satisfy conditions such as
clear high-frequency cutoffo,. Encouragingly, in a recent ) rgy=m/m, wheremis an integer. Putting these conditions
experiment involving a charge qubit in a small superconducttogether yields
ing electrode(Cooper-pair box a version of parity-kick de-
coupling was successfully used to suppress low-frequency K’
energy-level fluctuationgcausing dephasingdue to 1f Q——=m/m=45=mK'Q,
charge noisg73]. This suggests that decoupling can help
even in the absence of a clear cutoff frequency. Recent the-
oretical results strongly support this observatié8]: Since N _
for 1/f noise most of the bath spectral dendifyw) is con- @ Q) VK=mfm=p=mykK.
centrated in the low, rather than the high end of the fre-
quency range, it turns out that dynamical decoupling dependg/hile there is no problem with the first of these, the second
more sensitively on the lower than on the upper cutoff. Incondition implies that we cannot be in the Lamb-Dicke limit,
particular, it is shown in Refl58] that the suppression of Eq. (2). Therefore exact cancellation is not possible in our
dephasing is more effective when the noise originates in @ase, and we must resortb< & in order to keep the fidelity
bath with 1f spectrum than in the Ohmic case, owing to thereduction to a minimum. On the other hand, the kind of
abundance of infrared modes in a bath with 4pectrum.  unitary error that is caused by off-resonant coupling can be
In spite of the apparent fif spectrum in trapped ions, VT corrected by optimal control pulse-shaping methd@s],
used a cutoff estimate ab,=<100 MHz [47], and showed resonant cancellatiofY7], and by a “dressed qubit” method
that suppression of vibrational decoherence can be accori7g].
plished bypulsing the oscillation frequency, of the ion Finally, we note that fluctuations of various experimental
chain (i.e., by pulsing the trapping potentialprovided At parameters, such as intensity and phase fluctuations of the
<llw.~10 ns, and T<10 mK. It should be emphasized exciting lasers, can cause pure dephasing of the vibrational
that there is currently no relevant experimental data to supmodes, in addition to the dissipative coupling described
port the 10 ns figure. We use it in our discussion below as aabove [79]. Clearly, the success of decoupling strategies
example, rather than an estimate. hinges on strong suppression of such fluctuations, as in the
Given the estimate in Sec. Il A afgy=1 us for the SM  threshold theorem of fault tolerant quantum error correction
gate, it is clear that we cannot hope to satisfy the stkict [25,26,30,31
<10 ns time scale requirement which would be needed in To conclude, the discussion in this section indicates that
order to use decoupling directly on the qubit, rather than thehe experimental viability of decoupling schemes in ion traps
vibrational modes, assuming the VT valuewf. However, is rather promising, although it is hard to quantitatively esti-
the theoretical analysib8] and the success of parity-kick mate their success at this point. In the following sections, the
decoupling in the presence offlnhoise in the charge qubit analysis will be carried out at a more abstract level, empha-
case[ 73] suggests that it may well be worthwhile to apply sizing the algebraic conditions for a successful implementa-
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tion of ERD. In the end, it will be up to an experiment to or, in ion-trap terms
decide the usefulness of the proposed schemes.

. — w ) — [T ; z
IV. CREATING COLLECTIVE DEPHASING CONDITIONS e Hsey 12( - —,o) e Msey 12( —,o> =g (21T 2) 9827
USING DECOUPLING PULSES: REDUCING 2 2 14
DECOHERENCE DURING STORAGE (14)

One of the important advantages of the DFS encoding _ _ _
{IL1),]T1)} is that it is immune to collective dephasing. WhereU;;(6,A ¢;;) was defined in Eq(7), and we used the
However, other sources of decoherence inevitably remain. Iiflentification found in Eq(8). This equation means that the
this and the following section, we algebraically classify all System-bath coupling effectively looks like collective
additional decoherence effects and show how they can b@ephasing at the end of the pulse sequence. Thus, the system
eliminated. It should be noted that the methods we proposts Periodically(every 27) projected into the DFS.
in this section require that ions are kept cold and are acces- In order for the procedure described in Efi4) to work,
sible to lasers also during the storage period, which entails the SM gateU ,5(+ 7/2,0) must be executed at a time scale

modification of the QCCD design of RéfL]. faster than the cutoff frequency associated with the fluctuat-
ing magnetic fields causing the differential dephasing term in
A. Creating collective dephasing on a pair of ions H2ePN(2) This cutoff has not yet been characterized experi-

. . . _mentally, but the decay rate of the DFS-encoded state of two
First, let us analyze the effect of breaking the collective;y ¢ has heen measured to be 2.2 KHig]. Using this as a
erha;&hng fsymmetry, by considering a system-bath interagy, 1, estimate for the cutoff frequency, we see that the pro-
tion of the form cedure of Eq(14) is likely to be attainable with fastrg,

Hg%!)h(Z): Z,®B%+Z,B3, ~1 us) SM pulses.

whereB7,B; are arbitrary bath operators. This describes a B_ cCreating collective dephasing on a block of four ions

eneral dephasing interaction on two qubits, and we can ex- . . . .
g P 9 q So far we have discussed creation of collective dephasing

pect this to be the case duristprageof trapped-ion qubits o ; ; i :
in the QCCD proposal. The source of such dephasing durin onditions on a single DFS qubit. However, as mentioned in
ec. Il B, it is essential for the reliable execution of an en-

storage is long wavelength, randomly fluctuating ambien . . . .

magnetic fieldd18], that randomly shift the relative phase _anglmg I_o_g|c gate to have collectlv_e dephasing over all four

between the qubiti) and||) states through the Zeeman ions participating in the gate, even if only two are coupled at
a time. A procedure for creating collectigecoherenceon-

effect. The interaction can be rewritten as a sum over a COId't' blocks of 3. 4. 6. and 8 qubit . in Ref
lective dephasing ternZ,+Z, and another, differential tions over blocks of 3, 2, 6, and © qublls was given in Rel.

dephasing ternz, —Z,, that is responsible for errors on the [36]: Hefe’ we shpw how to'do the same for a block of 4
DES: qubits with collective dephasing.

Let us start with a general dephasing HamiltonianMn
ions, and rewrite it in terms of nearest-neighbor sums and

deph(2)_

Here, B, = (B +B3%)/2 andBj;=(Bi—B3%)/2. If B} were N
zero then there would only be collective dephasing and the HdseBph:E Zi®B;
DFS encoding would offer perfect protectip0]. However, =1
in general B;# 0, and the DFS encoding will not suffice to
offer complete protection. = Zl (Zpj+Z2j—1) @By +(Zy— Zpj—1)®By;

The crucial observation is that, singg—Z,xZ,, [recall :
Eq. (1)], the offending term causéasgical errors on the DFS .
[37]. As shown in Refs[36,51], then the problem oB};  Where B;;=(B;;*By;_1)/2. As noted aboveZ,j—Z,;
#0 can be solved using a series of pulses that symmetrizeZ,; _, 5, so that to eliminate all nearest-neighbor differ-
H2P"(?) such that only the collective term remaif&l]. To  ences of the form 121_223‘1) we can use the collective
do so note that since the offending temZ,, it anticom-  decoupling pulseX,,= ®JN/: 1ei(”’2)X2J—1,2j,
mutes with X;,=3(X;X,+Y,Y,). At the same timeX;,
commutes withZ, +Z,. This allows us to flip the sign of the
offending term by using a pair of 7/2 pulses inX;,, while
leaving only the collective term. Evolution with the flipped N/2
sign followed by unaltered evolution leads to cancellation of =exp{ _iZTz (sz+22j_1)®82+j ,
the offending term. Specifically36] =1

N/2

—iH —iH T
e sEXnne TS X,

e~ Hserg—i(m/2)X 120~ iHsp7ai (M2)X12— e—i(zl+22)®siolzf’ or, in ion-trap terms
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2

i N2 T i This pulse sequence is important to ensure that collective
e "sE Q) Upj-1 —50]|e L dephasing conditions will prevail during the execution of
=1 logic gates between DFS qubits, as emphasized in Sec. Il B.
o To conclude, the procedures discussed in this section pro-
— a
% _® U21'—1,21<_!0 in an ion-trap experimentWe propose here to implement

) vide a means foengineering collective dephasing conditions
=1 these symmetrization schemes experimentally. Moreover, we
propose to combine them with the logic gates described in
. Sec. Il. How to do this efficiently is discussed in Sec. VI
below.

N/2

=exr{ —i2r>, (Zoj+Z2j-1)®By
=1

The next step is to eliminate next-nearest-neighbor differen- V. REDUCTION OF ALL REMAINING DECOHERENCE

tial terms. To this end, let us rewrite the outcome of Xg ON A SINGLE DFS QUBIT DURING

pulse in terms of sums and differences over blocks of four LOGIC-GATE EXECUTION

ions . . . . .

The reduction of differential dephasing errors, as in the

N2 preceding section, is particularly relevant for storage errors.
E 7 +7. B However, this is only the first step. Additional sources of
. ( 2j 2]71)® 2j . . .
j=1 decoherence may take place during storage, and, in particu-

lar, during the execution of logic gates, the most dominant of

. s+ which is qubit decoherence due to coupling to decohered
_J-Zl (2242 Zoj1 2o+ 2511 @By vibrational modes, as discussed above. It is useful to provide
a complete algebraic classification of the possible decoher-
L ence processes. This will allow us to see what can be done
+J.21 [(Zaj 12— Z2)) +(Zj 41— Z2j-1)]1® By, using SM-decoupling pulses. To this end, let us now write

the system-bath Hamiltonian on two physical qubits in the

general form

N/2

N/2

where B, “=(By;,,*B,;)/2. The first term on the right
hand side contains only the desired block-collective dephas-

ing over four ions. The last term contains undesired differ-
ential dephasing terms that we wish to eliminate. But thesg,ere
terms once again have the appearance of encddepera-

Hsg=H\cat HiogiT Hors,

tors, between next-nearest-neighbor ion pairs. Therefore, we ZI+1Z XY+YX XX=YY

need to apply a second collective pulsey,, Hprs= Spar{ 5 T T 1 }
= @2 el("2%0j-12+1¢!(T2X; 512, that applies encodedl

operators on these ion pairs. At this point, we are left just Hea= SPaiX1,IX,Y LIY,XZ,ZX,YZ,ZY},
with collective dephasing terms on blocks of four ions, as

required

— XX+YY — YX=XY — ZI-IZ
H ogi= Span X= 5 Y= 5 L= 5 ,

(16)

N/2
ex;{—iZTE (Zyj+Z5-1)® B
=1

wherel is the identity operatoxXZ=X,Z, (etc), and where

% (Néz — T \— (0 Span means a linear combination of those operators tensored
) Ugj-13+1 _E’O Uzjg+2| — 2,0 with bath operators. The 16 operators in Efj6) form a
1=1 complete basis for all two-qubit operators. This classifica-

N/2

. tion, first introduced in Ref[37], has the following signifi-
Xex;{—inz (Zj+251-1)®By;
=1

cance. The operators ifpgg either vanish on the DFS, or
are proportional to identity on it. In either case their effect is
to generate an overall phase on the DFS, so they can be
T )] safely ignored from now on. The operatorsHi.,, are the

N/2
_ T _
X = = ”
_® U2]—1,2j+1( Z,O)Uzj,zwz( 2,0 leakage errors terms that cause transitions between states

j=1 inside and outside of the DFS. A universal and efficient de-
F{ N/2 coupling method for eliminating such errors, for arbitrary
=exg —idr

2 (Zgj 42+ Zoj1tZoj+Zo5-1) numbers oflencoded qubits was given in Ref.39]. Finally,
i=1 the operators irH 4 have the form of logic gates on the
DFS. However, these are undesired logic operations, since
they are coupled to the bath, and thus cause decoherence.
(15 It is worthwhile to already emphasize that the operator

Y I+1Y e H| qacis of particular importance: As shown in Ref.

®By; "
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[4], Eq. (43), this is the operator that describes qubit deco-This may be sufficient in practicsince as argued above this
herence due to motional decoherence during application gfulse sequence eliminates tivd-+1Y term, and the DFS
the SM gate. encoding takes care of collective dephasing. Thus, we expect
In the preceding section, we showed how to eliminate thehat using cycles of two pulses we can almost entirely elimi-
|OgiCa| errorz but we see now that this was On|y one error nate the two most important sources of decoherence. This

in a much larger set. To deal with the additional errors it isexpectation, of course, depends on the time scale require-
useful at this point to introduce a more compact notation forment for decoupling being satisfied, as discussed in detail in
the pu'se sequences. We denotq: b]/a period of evolution Sec. Il above. In practice, it may well be adVantageoUS to
under the free Hamiltonian, i.el(7)= exp(-iHgg)=[7], = combine the DFS encoding aid,Il,,I1] pulse sequence

and further denote with the VT method of pulsing the trapping poten{id6,47.
Now let us discuss adding the extra pulses needed to
— T T— achieve full decoherence elimination. Thé2 pulseP elimi-
P=Uy,| = 5.0]=exp —15X]. natesY andZ in H .. Combining this with the sequence

for leakage elimination we have the sequence of four pulses

Thus, Eq.(14) can be written as _ —
e '(Horst XeB047— Ty (1) [TU(7)IT]PTU(7)ITU(7)IT]P

=[7II,7,P,7r,II,7,P"] (18

Notice that this is an example of a parity-kick pulse se'(where we have usedHPT=P, [IP=P").

quence. . . . . If we wish to entirely eliminate decoherence then we are
As a first step in dealing with the additional errors, note

that the symmetrization procedufe,P,,P'] can in fact Ieft J_USt W'th getting rid (_’f thg IogEaI.erro.r due . To
achieve more than just the elimination of the differential€liminate it we now combine with the direction, /2 pulse,

dephasingZ,—Z, term. Sinceflz also anticommutes with Q.

exd —i(Bi+B3)(Z,+Z,)7]=[r,P,7,PT].

Y= 3(Y1X,—X1Y5) € Hiogi, if such a term appears in the e iHprsB™
system-bath interaction it too will be eliminated using the
same procedure. B =[U(n)IIU(7)PU(1IIU(7)P"]
So far we have used am({2)X, pulse. Interestingly, the X QU(n)IIU(7)PU(NIIU(r)PT]Q

Hamiltonianflz can also be used to eliminate all leakage
errors [37]. To see this, note thatUy(=m,0)

=exp(imX,y) =2Z,Z,. This operator anticommutes witll (19
terms inH .. Hence, it too can be used in a parity-kick o _
pulse sequence, that will eliminate all the leakage errors. Ihich takes ten pulses. Unfortunately, it is not possible to
particular, this pulse sequence will eliminate qubit decohercompress this further, sinc®'Q=(iX)(—iY)=iZ and
ence due to motional decoherence, i.e., the exor1Y  PTQT=—iZ, neither of which cannot be generated directly

€ Heak- (in one step from the available gat@Tij(ﬁ,Agﬁij):cosel_

At this point we are left with just a single errox;,® B +isin GYM,U. Finally, note that, in principle, the last pulse

iE,eIf, N Hyoq. Clearly, we cannot use a pulse generated bysequence is applicable also to other QC proposals, such as

X1, to eliminate this error. Instead, to deal with this error we MR and quantum dots.

need to introduce one more pulse pair that anticommutes ope jmportant caveatmentioned in Sec. Il aboyeis

with X5, e.g., exp=i(7/2)Y 5] =U (= 7/2,7/2). that, because we need very strong and fast pulses, our gate
Let us now see how to combine all the decoherence elimieperation may become imperfect. Specifically, off-resonant

nation pulses into one efficient sequence. First, we introduceoupling and deviations from the Lamb-Dicke approxima-

=[r0,7P,7I1,7P"Q" 71,7P,7II,7P"Q],

the abbreviations tion may become important. The former introduces a term
o o X1+1X into the Hamiltonian generating thg;; (6, ¢; , ¢;)
M=U(+ 7,0 =exp +imX;y) =11T=PP, gate([4] Sec. Il A), which can causenitary leakage errors
from the DFS. These can in turn be reduced using the meth-
_ - r ods in Refs[76—78. Whether the decoupling method we
QEUlz( - §,§> =exp< iEle)’ have proposed offers an improvement will have to be put to
an experimental test.
AzUlz( + wg) =exp*inY)=AT=QQ. (17 VI. COMBINING LOGIC GATES
WITH DECOUPLING PULSES
As argued above, the pulsell eliminatesH | ¢ So far we have discussed computation using the encoded
recoupling methodSec. I), and encoded decouplingecs
exd —i(Hogit Hppg) 27]=[ 7,11, 7,11]. IV and V). We now put the two together in order to obtain
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the full ERD picture. At least two methods are available forwhere we have used the Baker-Campbell-Hausdorff formula,
combining quantum computing operations with the se-exp(aA)exp@B)=exp{a(A+B)+(a?/2)[A,B]+0(a®)}.
quences of decoupling pulses we have presented above. For SettingHs=QS andHsz= y5gS' ® B, we have the con-

a general analysis of this issue see R21i)]. dition t<1/\/Q ysg in order to be able to neglect ti@(t?)
term[Hgg,Hs]. UsingQl~1 MHz, ysg~10 KHz as in Sec.
A. Method of fast and strong gates Ill, we find t<10 us. However, the more stringent con-

The decoupling pulse sequences given in Sec. v srobog B8 BRERS [0 JIERSe: L P SRAEE B i
scopically” create collective dephasing conditions at the Con_hen shows the familiar conclusion, that the bath should not

clusion of each cycle. As noted above, this is equivalent to e allowed to evolve for longer than its correlation time
periodic projection into the DFS. This property allows for [42,43.47. Hence, the actual requirement may still the far

“stroboscopic” quantum computation at the corresponding ; o .
projection timeg21]. Here, the computation pulses need tomore stringent condition<1/w.<10 ns for the decoupling

be synchronized with the decoupling pulses, and inserted ?Bulse interval; see Sec. lll. This cannot be satisfied with SM

the end of each cycle. The amount of time available foer|SeS‘ .bUt in this case we can resort to thg VT.poter.]tiaI
implementation of a logic gate is no more than the bathmodulatlon method. When we do this in conjunction with

correlation timer.= 27/ w.. Assuming the dominant deco- SM decoupling pulses we can be sure that &) is an
herence contribuctions no% .accounted for by the DFS enco excellent approximation. On the other hand, the requirements
: . : ' : . or a 1f bath spectral density are far less stringent and ma
Ing to come fr°”? differential dephasirigetting ther, time be satisfied evepn with SM pulyses aldaé]. Furthegrmore for g
scalg and 1f noise, gnd that we a'Te.ady asgumed that We[he rotation angled=Qt describing the computation we
can use pulses with intervdlt < 7, it is consistent to as-

sume that we can then also perform logic gates on the sa ve o< VQ/?’SBS 10, Wh'Ch means that there is no restric-
time scale. tion on applying large rotations.

Let us now show how to efficiently combine logic opera-
tions and decoupling pulses. For simplicity consider only the

case where we can neglect tKeerror, i.e., our decoupling

There may be an advantage to using fast but weak pulsegquence is the four pulse one given in B@). Suppose we

for the logic gates, while preserving the fast and strong propy i<, 1o implement a logicak operation, i.e., exp{ifXyy).

erty of the decoupling pulses. To see how to combine Iogqu I TEa. (1 hat this invol . he Hamil-
gates with decoupling in this case, let us denote Hhy ecall[Eq. (10] t atDFtS IS involves turning on the Hami

=Xy,Xg, the controllable system Hamiltonian that generategonian Hg=QxX X, — QxX1, between two physical qu-
the entangling gate);(6,¢; ,¢;) [recall Eq.(4)]. Suppose bits. Because the decoupling pulsBs=exi —i(m/2)Xi,]
first that we turn on this logic-gate generating Hamiltonian inand I1=exp(+iwX;,) are generated in terms of the same
a manner that is neither very strong nor very fast, so that thejamiltonian, they commute withl3 , while eliminatingHsg
system-bath interaction is not negligible, whilg is on(this  (except for the terms it s that have trivial action on the
obviously puts less severe demands on experimental impleFs). Thus, the conditions under which E0) holds are
mentation. Then, the corresponding unitary operator de-satisfied. This allows us to insert the logic gates into the four

B. Method of fast and weak gates

scribing the dynamics of system plus bath is free evolution periods involved in the pulse sequence of Eq.
~ ) (18). Thus, the full pulse sequence that combines creation of
U(t)=exd —it(HstHsgt Hg)]. collective dephasing conditions with execution of the logic
gate is

Now, if we choose H so that it commutes with the decou-

pling pulsesthen we can show that after decoupling e—it(anmHDFs):U(t/4)HD(t/4)pﬁ(t/4)HU(t/4)p‘r

U(t)—exd —i2t(Hs+Hp)], (20) @y
provided t is sufficiently small. Tracing out the bath With U(t) =exd —it(Hs+Hsg*+Hg)], and which, using the
then leaves a purely unitary, decoherence-free evolutioPFS encoding, is equivalent to the desired exigX;,).

on the system. To prove this, assume we have choSen This involves eight control pulses, four of which are of the
and the decoupling HamiltonianHS so that (i) fast- and strong typ&hose involvingP andlIl), and four of
exp(—it’HYHgsgexp(t'HY)=—Hgg (the parity-kick transfor- ~Which must be fast, but need not be so strong that we can

mation and (i) [H5,Hs]=0. Then neglectHsg. _ _ o
If we wish to implement logicalY operation, i.e.,
U(t)e 'HsO(t)e t'Hs exp(—ifY,y), then we cannot now uge andIl, since they
- . anticommute withY,, and will eliminate it. Instead we
:D(t)e‘“[HsﬁrIt Msgge Ms+Hgl should use decoupling pulses generated in terms of
— o it(HgtHggtHg) g it(Hs—Hsgt Hg) Y12, which will alio hav_e thg desired eﬁegt of eliminéting
H ca: @s well asX andZ logical errors, while commuting
. 2 . —_— . R .
= {2it(HstHg) +*([Hsp He +[Hsp He)) + O(1%)} with the Y logic operationgand for this reason, of course,

032313-9



D. A. LIDAR AND L.-A. WU PHYSICAL REVIEW A 67, 032313(2003

cannot eliminatey error9. These are just th® andA pulses AS menti(_)ned in Sec. I”_’ the dynamical de_coupling
defined in Eq. (17). In ion-trap terms this implies method requires an exponential number of pulses if the most

[recall Eq. (1] turning on the Hamiltonian general form of decoherence is to be suppressed, that can
DES couple arbitrary numbers of qubits to the environmgatal
H\S(:QYX(,)X(,,M,ZH QOyY,, between two physical qubits. decoherencgl0]). This exponential scaling is avoided here

Thus by focusing on decoherence elimination inside blocksi-of
o _ _ 5 5 nite size (e.g., at most four ions where arbitrary decoher-
e~ MYzt Hord = U (1/4) AU (1/4)QU(t/4) AU (1/4)Q", ence is allowed. However, we have implicitly assumed that

(22)  there are no decoherence processes coupling different blocks.
L oy ) . This is a reasonable assumption for trapped ions, where the
with U(t) =exf —it(Hs+HsgtHg)], and which, using the gjfferent blocks can be kept sufficiently far apart until they
DFS encoding, is equivalent to the desired exi#Y1,). need to be brought together in order to execute interblock
Finally, to generate single DFS-qubit rotations about arogic gates. When this happens, ERD can still be efficiently
arbitrary axis we can combine EqR1) and(22) according  applied on the temporarily larger block.
to the Euler angles construction. Given that E(&l) and It may be questioned whether there is any advantage in
(22) each take eight pulses, the Euler angle method will genusing ERD compared to methods of active quantum error
erate an arbitrary DFS-qubit rotation in at most 24 pulses. correcting code$QECO. Both ERD and QECC are capable
Concerning gates that entangle two DFS qubits, the situof dealing with arbitrary decoherence processes, and are
ation is more involved, since now the next-nearest-neighbofully compatible with universal quantum computation. There
pulses in Eq(15), that create the collective dephasing con-are two main advantages to ERD: First, we need only two
ditions on four ions, do not all commute with thk, gate of  jons per qubit, compared to a redundancy of five ions per
Eq. (12). Therefore, here we must resort to the strong andyubit to handle all single-qubit errors in QEGE7]. So far
fast method of the previous section, i.e., we need to synchraexperiments involving trapped ions have used up to four ions
nize theU, pulses with the end of the decoupling pulse[70], so that this encoding economy is a distinct advantage
sequence. for near-term experiments. Second, our method is directly
Taken together, the methods described in this section pracompatible with the SM scheme for logic gates in ion traps.
vide an explicit way to implement universal QC using On the other hand, it is not clear how to directly use SM
trapped ions in a manner that offers protection against aljates for QECC. These are general features of ERD:
sources of qubit decoherence, using a fast and stfoni@ast  economy of encoding redundancy and use of only the most
and weak version of the SM scheme, possibly in combina-easily controllable interactions. The disadvantage of ERD

tion with the VT potential modulation method. compared to QECC s that there does not exist, at this point,
a result analogous to the threshold theorem of fault tolerant
VII. DISCUSSION AND CONCLUSIONS quantum error correction. This means that we cannot yet

) guarantee full scalability of ERD as a stand-alone method,
We have proposed a method of encoded recoupling angecause we do not yet know how to compensate for imper-

decoupling for performing decoherence-protected quantufect pulses. However, in principle it is always possible to
computation in ion traps. Our method combines theconcatenate ERD with QECC, as done, e.g., for DFS with
Strensen-Mtmer scheme for quantum logic gates with an QECC in Refs[15,22—24, and then the standard fault tol-
encoding into ion-pair decoherence-free subspéeash pair  erance results apply. As mentioned in the Introduction, we
yielding one encoded qubijtand sequences of recoupling expect that the theory of composite pul$89,60 will also

and decoupling pulses. The qubit encoding protects againﬁ,qay a key role in this further development of ERD.
collective dephasing processes, while the decoupling pulses Finally, we note that ERD is a general method, that is not
symmetrize all other sources of decoherence into a collectivgmited to trapped ions. We hope that the methods proposed
dephasing interaction. The recoupling pulses are used tRere will inspire experimentalists to implement encoded re-
implement encoded quantum logic gates, either during or IRoupling and decoupling in the lab, thus demonstrating the

between the decoupling pulses. All pulses are generated disossibility of fully decoherence-protected quantum computa-
rectly using the SM scheme. We have provided numericajion, in particular, using trapped ions.

estimates of the feasibility of our scheme, which seem quite
favorable. In order to achieve full protection against all de-
coherence it may be necessary to supplement ERD with the
potential modulation method due to Vitali and Tombesi, in
order to reduce vibrational mode decoherence. However, it This material is based on research sponsored by the De-
may be worthwhile to test ERD without potential modulation fense Advanced Research Projects Agency under the QuIST
first, as a significant reduction in decoherence can already hgrogram and managed by the Air Force Research Laboratory
expected according to the results presented here. This is $8FOSR, under Contract No. F49620-01-1-0468. D.A.L.
because the vibrational bath has been found experimentallyrther gratefully acknowledges financial support from PRO,
to have a 11 spectral density57], and theory predicts that NSERC, and the Connaught Fund. We thank Professor C.
in such a case decoupling may be possible under moderatdonroe, Professor D. Wineland, Dr. D. Kielpinski, and Dr.
timing constraint458]. S. Schneider for very useful discussions and correspondence.
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