Pamng Model Szmulatzon on & Quantum Computer '

ere. theta w <1, a state that 1ncludes contrzbutlons from n+1l. ThlS can done
ng the: control methods in Step (4) Lk o SRR
- Step (4)- Hamzltoman evolution: This step of the algorlthm is the snfnulatmn of
‘Hamiltonian Hy. We will begin. by disctissing the controls.used for ma.mpulatmg
ng in NMR and then describe the s;mulation of the Hamlltoman :

e In the rotatmg frame, the NMR system has a “drlft” Hamﬂtoman (Ho in- Eq (1))

N - N 1 T ‘ s R
HNMR_:- Z:—é—dl + Z JLUE Ul-!—l : (4)
=1 IR SRR

T'he controls a,valla,ble in NMR. experlments are rotatlons around the iz and Y axes
or. each’ individual qubit (represented by the spm of the nudeus) which have Hamﬂ- _
onla,ns of the form .

= (’U»szz HJJOY)

where the uf ,ul are Controlicmb}e (_1 e tlme dependent as in Bq. (1) On the other
1a.nd ‘the Hamﬂtomans in Fq: (4) are aiways present. A powerful racthod. that allows
' ints (that are not. umque to' NMR) Tecauplmg (e.g G

- where the prxme indicates that Fis e

pulses Slmlld.riy, we can “evolve' und oy

: Next we need” 10 show how 't _ teractlons usmg H\TMR

and 14 The set {le = ;(ala +o}al) Yim oYl — 0Pl Zim =
d-comm +crl foranylm[SS}

'+1) = (of ‘7;+1) Addmg

: f o T g o2 i 'Lﬁa_c
..yields CX:;+1 ._(O'l._-;l_a’_z__.g CXu_H‘_D e A S Thub

'C}’fﬂ acts’asa nearest-nmghbor efxchange operatm In orcier to 1mp1ement C Xn+1

_;usmg HNMR and ra note that

. S SRR A
- _e:‘-“-‘.sz"ﬂ oA gttt o7 i S N
: .. s o-‘ crt+1_5. e

Ca 31mu]at10n of H; &= sznﬁ sz(a Ut -l—
" time 7. We can-turn on=Jjof o7, for a-bime 1V
- BCS. Hamﬂtoman sz < {}) Domg thiS for all couphngs separatel ) (in:sen:e_s)_ _show_s :
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that the evolution ‘operator U*(7) = exp(~4 1> VimoFoZ,7) is obtained using

commute with A7, Clearly, by turning on single qubit NMR of terms for timeg
that wy;m = €17, we can simulate H, directly using & steps. The non-commuta:

implies that we need o short-time approximation in order to simulate the full Up(r)

Cexp{~iH,r):
Up(r) = e~tor o-iHyr + 0(7‘2).

When the additional recoupling steps needed to-turn off unwanted interactions (wh
we ignored above) are taken into account, using the method of [54], we find that [/
requires a total of s(/V) = NI B2y TN+ BN stone This result may
improved somewhat if parallel operations are aliowed. I Hymg consaing beyc
nearest-neighhor interactions then at most O(N®) steps are needed. The effec

the O(7?) errors in Guantum algorithms due to the short-time approximatics kg

been analyzed, e.p. in [15,16] By concatenating short-time evolution segments
can then obtain the finite time (kr = t) evolution operator Ug(t) =~ (Up{r))* 6 ;
a total of £ s(V) steps, B
Step (5)- Measurement: In NMR one measures the free-induction-
signal, given by V, (1) « Tr{p(t)e ), where () is the system density matrix a
Is the index of the measured spin (qubit) [49]. Combining steps (ii)-(iv),
p(t) = Uy(t) f’gb(U))('gb([})]Ug(i). To relate ¥, (¢} to the spectrum of the pairing Ha
tonian we introdice an- appropriate hasis. A complete set of conserved qu
numbers are the number of Cooper pairs n {= the number of 1’s in a compu
basis state, lowered by o), the energy Eyp; for fived n, and a state degene
dex 5. Thus our hasis states are labeled by .4, 8, and o{t) can be expandec
ZB’n,i,ﬁi B;I,j,ﬁj lnj i’ﬁi>€2(Em,j _En’i)t<m: 7 Fle with W](OD = Zn,i,ﬁi Bﬂ,iﬁi [ﬂl

We have
Valt) o ZZ G?S%;n,z‘ez(Em'j— n’i)ta

Lt 4§

where O,,,(r:v)?-;n;i = Z‘ﬁiﬁj Bn,,—ﬁiB;’;&,jﬁj (m, 7, BiloTin, i, Bidy o< iy
forming, we obtain the ©nergy spectrum S{w) = Zﬁ,z‘,;; C’éﬂi)l,jmli
Eni)), with the gap defined as 27, = n1 — Eng. Ideally, A

a few Tuns with different initial n. There are two complicafi i

Finding A, in this manner depends on the coeficients c“;EfL Fim,s DOb vanishin
measuring all qubits o, it is likely that sufficiently many non-zero coeff
be available. (1) The sharpness of the § functions depends on how denge
nal V,(t) is sampled. To resolve the gap, we will need to sample with a
Aw = 2r/T < Ay,. Reeall that Hpos conserves . Thus the number of 5

required for fixed. 5, is k(n) > m/(14A,), which is just the adiabatic: to

‘A total of %k(n}%’e}ementary evolutions steps, each simulating evolit

-for length +; will thus be needed to simulate { Up(kr)_}g’g, and each such te

- 8(NV) logic gates. The longest single run takes k(n}s(N) steps, while: (n)?

L the botal- run-tinte of the algorithm.: if the algorithm is to succeed: inthy

same O(N3) steps. By adjusting single-qubit. operation fimes, we can implenien ence to:logi
e = exp(if 3,08, to yield: exp(~{Hrr) = (UE'UZ(T)Uw) (UyUz(T)UyT), s i
O(N3) steps, However, Hy, also contains the term Hy = Z{L %of, which does

-

need: 7' a

ty

i
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experiment
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- of érrar correction, then we must have k(n)s(N) < T2/Nogic, the fatio of decoher-
ence to logic gate time. For NMR, 75/ Tiegic ¢an be A~ 10°. To: estimate k(n) ‘we
“peed T and Ap. The gap can be estimated experimentally, for nuclear and BCS
gystems usinig material dependent. parameters. 144,45,54]. Recall that 7 is related to
the short-time approximation which allowed s to neglect: commutator terms in the

1 of U Since eATE)N & eATeBTe=3IABIT e need bo estimate when
“|[A, BJr| < min(lA],1B]). :To obtain 2 rough estimate we consider a reduced BGS,

expansion of Uaalt). Since

model [55]:Vin = —V-< 0, £1 = €9+ 1d. Tn the BOS case the level spacing d < V/, but

O eiting A= ei0F, B =V Xign, w0 have LA, BlI = IV {61 = &) Vil > V.
while:min(A}, [B) = V. Thus the short-time approximation is valid ‘when 7'« 1/d.
Using k(n) > 1/(7An) and s(N)= 9N we thus have kn)s(V) > 302N, Inthe,
BCS case d/A, & 1. Asstming /A, = 0-L-we find k(n)s(10) > 3 > 10%, so that

‘a simulation with N°< 10 qubits seems 10 be within the reach of ‘present day NMR
simulations {49]. R e el
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