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Where is Macquarie?
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The Plan

Do we need complete addressability in our quantum devices?

How can we perform QEC without addressability : in particular 
without addressable measurements and recovery

QEC with preparation and coherent recovery

Making this FT?

Semiglobal Architecture: FT boundary addressed Quantum Wire/QC.

Thresholds 

Future possibilities...
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How to reduce the complexity and resources needed to control 
large scale quantum devices?
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How to reduce the complexity and resources needed to control 
large scale quantum devices?

Do we need to address each and every 
single qubit in a device?

No!
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How to reduce the complexity and resources needed to control 
large scale quantum devices?

Huge technological difficulties associated with 
designing and operating the enormous classical 
control technology needed to control a large 
scale quantum device

How to reduce the level of control required?

Use concepts from Cellular Automata or
“Global Control” in quantum devices.

Architecture for a large-scale ion-trap
quantum computer
D. Kielpinski*, C. Monroe† & D. J. Wineland‡

*Research Laboratory of Electronics and Center for Ultracold Atoms, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA
† FOCUS Center and Department of Physics, University of Michigan, Ann Arbor, Michigan 48109-1120, USA
‡Time and Frequency Division, National Institute of Standards and Technology, Boulder, Colorado 80305, USA

...........................................................................................................................................................................................................................

Among the numerous types of architecture being explored for quantum computers are systems utilizing ion traps, in which
quantum bits (qubits) are formed from the electronic states of trapped ions and coupled through the Coulomb interaction. Although
the elementary requirements for quantum computation have been demonstrated in this system, there exist theoretical and
technical obstacles to scaling up the approach to large numbers of qubits. Therefore, recent efforts have been concentrated on
using quantum communication to link a number of small ion-trap quantum systems. Developing the array-based approach, we
show how to achieve massively parallel gate operation in a large-scale quantum computer, based on techniques already
demonstrated for manipulating small quantum registers. The use of decoherence-free subspaces significantly reduces
decoherence during ion transport, and removes the requirement of clock synchronization between the interaction regions.

A
quantum computer is a device that prepares and
manipulates quantum states in a controlledway, offering
significant advantages over classical computers in tasks
such as factoring large numbers1 and searching large
databases2. The power of quantum computing derives

from its scaling properties: as the size of these problems grows, the
resources required to solve them grow in amanageable way. Hence a
useful quantum computing technology must allow control of large
quantum systems, composed of thousands or millions of qubits.

The first proposal for ion-trap quantum computation involved
confining a string of ions in a single trap, using their electronic states
as qubit logic levels, and transferring quantum information between
ions through theirmutual Coulomb interaction3. All the elementary
requirements for quantum computation4—including efficient quan-
tum state preparation5–7, manipulation7–10 and read-out7,11,12—have
been demonstrated in this system. Butmanipulating a large number
of ions in a single trap presents immense technical difficulties, and
scaling arguments suggest that this scheme is limited to compu-
tations on tens of ions13–15.Oneway to escape this limitation involves
quantum communication between a number of small ion-trap
quantum registers. Recent proposals along these lines that use
photon coupling16–18 and spin-dependent Coulomb interactions19

have not yet been tested in the laboratory. The scheme presented
here, however, uses only quantum manipulation techniques that
have already been individually experimentally demonstrated.

The quantum CCD
To build up a large-scale quantum computer, we have proposed a
‘quantum charge-coupled device’ (QCCD) architecture consisting
of a large number of interconnected ion traps. By changing the
operating voltages of these traps, we can confine a few ions in each
trap or shuttle ions from trap to trap. In any particular trap, we can
manipulate a few ions using the methods already demonstrated,
while the connections between traps allow communication between
sets of ions13. Because both the speed of quantum logic gates20 and
the shuttling speed are limited by the trap strength, shuttling ions
between memory and interaction regions should consume an
acceptably small fraction of a clock cycle.

Figure 1 shows a diagram of the proposed device. Trapped ions
storing quantum information are held in the memory region. To
perform a logic gate, we move the relevant ions into an interaction
region by applying appropriate voltages to the electrode segments.
In the interaction region, the ions are held close together, enabling

the Coulomb coupling necessary for entangling gates3,21. Lasers are
focused through the interaction region to drive gates.We thenmove
the ions again to prepare for the next operation.
We can realize the trapping and transport potentials needed for

the QCCD using a combination of radio-frequency (r.f.) and
quasistatic electric fields. Figure 1 shows only the electrodes that
support the quasistatic fields. By varying the voltages on these
electrodes, we confine the ions in a particular region or transport
them along the local trap axis, which lies along the thin arrows in Fig.
1. Two more layers of electrodes lie above and below the static
electrodes, as shown in Fig. 2. Applying r.f. voltage to the outer layers
creates a quadrupole field that confines the ions transverse to the
local trap axis bymeans of the ponderomotive force22. This geometry
allows stable transport of the ions around ‘T’ and ‘X’ junctions, sowe
can build complex, multiply connected trap structures.

Figure 1 Diagram of the quantum charge-coupled device (QCCD). Ions are stored in
the memory region and moved to the interaction region for logic operations. Thin
arrows show transport and confinement along the local trap axis.

progress
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transport pathways based on CTAP9, and classical driving
circuitry is shown in Fig. 9. The overall effective linear gate
density still is comparable to the original Kane proposal, but
it has the significant advantages of greatly reduced crosstalk
between interacting pairs of qubits, the ability to bypass in-
teraction regions with an insufficiently strong exchange in-

teraction, the ability to quickly transport qubits large dis-
tances allowing the effective implementation of nonlocal
gates, and the physical incorporation of the relatively large
SET readout devices which was absent in the original design.
The placement of SET sites may ultimately be important in
providing a heralding mechanism for correctable transport
errors. Linear gate density could be further reduced by using
longer CTAP transport rails, and possibly by replacing each
A-gate and S-gate pair at the interaction regions with a single
offset gate and globally controling every second S-gate inthe
transport/storage regions instead of each one individually.

One would expect that the optimum arrangement for
fault-tolerant operation may require sophisticated system
level simulations comparable to those described in Ref. 50 to
determine the best use of this medium range quantum trans-
port capability, and the resulting effective threshold.

VI. CONCLUSIONS

In this paper we have presented a 2D donor quantum
computer architecture proposal based on nonballistic spin
transport. For definiteness, our chosen context is an electron

FIG. 8. Error rates due to misalignment of the central donors as
a function of the distribution parameter ! which governs the stan-
dard deviation around the target straddling donor tunneling rate
"S=1 THz !tmax=2 ns". The line is the median error rate, over the
ensemble for each !.

FIG. 9. !Color online" The figure shows !counterclockwise from the bottom left" the CTAP rails connecting the interaction regions with
the rest of the computer; the incorporation of interaction zones, storage, and SET readout; a unit cell including space reserved for classical
driving circuitry on a chip; and a quasi-two-dimensional tiled arrangement which can be extended in the plane.

HOLLENBERG et al. PHYSICAL REVIEW B 74, 045311 !2006"

045311-6

• C. Monroe, “Quantum information processing with atoms and photons,” Nature 416, 238, (2002) 
• L Hollenberg et al. Phys Rev B 74, 045311 (2006)
• JM Taylor et al.  Nature Physics, 1, 177 (2005)
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Global Quantum Control
Possible to perform quantum computation/
quantum transport by only homogeneously
addressing large sub-sets of qubits

Basic rules: 

Not allowed to address/readout individual qubits at will
Can have spatially structured array of qubits 
of various species but must be a globally homogenous array
Can address/readout sub-sets of identical qubits

Two types of globally controlled
quantum architectures so far discovered

Mobile control pattern via global pulses to activate gates
Use finite chain length to activate gates

• S. Lloyd, “A Potentially realizable quantum computer”, Science 17, 1569 (1993)
• S.C. Benjamin, Schemes for parallel quantum computation without local control of qubits, PRA 61, 020301 (2001) 
• R. Raussendorf, Quantum computation via translation-invariant operations on a chain of qubits, PRA 72, 052301 (2005)
• J. Fitzsimons & J. Twamley, Globally Controlled Quantum Wires for Perfect Qubit Transport, Mirroring, and Computing, PRL 97, 090502 (2006)

• ABCABCABC, 3 Component Chain, Updated Globally

• ABABAB Chain with global update and control pattern

• Homogenous chain with global pulses and either 
end manipulations/length parity operations
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Global Quantum Control: Experiments
Not many experiments
Only NMR QC

Many theory works on potential use:

• J Fitzsimons, L Xiao, S. C. Benjamin and J. A. Jones, Quantum Information Processing with Delocalized Qubits under Global Control, PRL 99, 030501 (2007)
• P. Cappellaro, L. Viola, C. Ramanathan, Coherent-state transfer via highly mixed quantum spin chains, PRA 83, 032303 (2011)
• C A. Pérez-Delgado, M. Mosca, P. Cappellaro, and D G. Cory, Single Spin Measurement Using Cellular Automata Techniques, PRL 97, 100501 (2006)
• M. Ortner, Y.L.Zhou, P. Rabl. P. Zoller, Quantum information processing in self-assembled crystals of cold polar molecules, arxiv: 1106.012
• D. Bleh, T. Calarco, and S.M. Montanegro, Quantum Game of Life, arxiv:1010.4666

• NMR QC: 3 qubit chain, Deutsch Josza algorithm

• Quantum Cellular Automata assisted measurement • Crystal of Polar Molecules • Quantum Game of Life

http://publish.aps.org/search/field/author/Fitzsimons_Joseph
http://publish.aps.org/search/field/author/Fitzsimons_Joseph
http://publish.aps.org/search/field/author/Xiao_Li
http://publish.aps.org/search/field/author/Xiao_Li
http://publish.aps.org/search/field/author/Benjamin_Simon_C
http://publish.aps.org/search/field/author/Benjamin_Simon_C
http://publish.aps.org/search/field/author/Jones_Jonathan_A
http://publish.aps.org/search/field/author/Jones_Jonathan_A
http://publish.aps.org/search/field/author/Perez_Delgado_Carlos_A
http://publish.aps.org/search/field/author/Perez_Delgado_Carlos_A
http://publish.aps.org/search/field/author/Mosca_Michele
http://publish.aps.org/search/field/author/Mosca_Michele
http://publish.aps.org/search/field/author/Cappellaro_Paola
http://publish.aps.org/search/field/author/Cappellaro_Paola
http://publish.aps.org/search/field/author/Cory_David_G
http://publish.aps.org/search/field/author/Cory_David_G
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QEC and Global Control?
Would like to be able to perform perfect 
transport with FT QEC using only globally 
control.

Even better full Univ QIP with FT QEC with only 
global control?

Can it be done?

QEC using global control scheme
but with self-similar architecture
for spin chain! Very small threshold.

• FT QEC Perfect Transport 
Channel using no local addressing?

• Self-Similar qubit chain for FT QEC using only global addressing

• J Fitzsimons & J. Twamley, Quantum Fault Tolerance in Systems with Restricted Control, Electronic notes in theoretical computer science 258, 25 (2009): QEC07.

http://publish.aps.org/search/field/author/Fitzsimons_Joseph
http://publish.aps.org/search/field/author/Fitzsimons_Joseph
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Prototype
Look at Mirror Transport and QIP

Made from ZZ coupled spin chain with regular global CZ and H pulses

�H =
N�

i=1

H(i)

�CZ =
N−1�

i=1

CZ(i,i+1)

�TN+1 : ρk → ρ(N+1−k)

Mirror Operation

Homogenous pulse sequence reverses 
the spatial dependence of the entire 

quantum state of the spin chain. Does 
not depend on initial q state of chain 

at all: 
Perfect Q Transport

�TN+1 : ρ(k) → ρ(N+1−k)

�T = �CZ · �H
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Perfect Quantum Transport
Similar circuit for perfect q transport of CV states on a harmonic 
oscillator chain

�SUM i,j = �CN ij ≡ e−iq̂i⊗p̂j

�F ≡ exp[iπ(q̂2 + p̂2)/2]

�CZij ≡ eiq̂i⊗q̂j

• G. Paz-Silva, S. Rebic, J. Twamley, T. Duty, Perfect Mirror Transport Protocol with Higher Dimensional Quantum Chains, Phys. Rev. Lett 102, 020503 (2009)
• G.Paz-Silva, G.K. Brennen & J. Twamley, Globally controlled universal quantum computation with arbitrary subsystem dimension, Phys. Rev. A 80, 052318 (2009)

http://prl.aps.org/abstract/PRL/v102/i2/e020503
http://prl.aps.org/abstract/PRL/v102/i2/e020503
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FT Version
Take each spin in chain and convert into a large 2D array undergoing 
FT QEC:
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Take each spin in chain and convert into a large 2D array undergoing 
FT QEC:

Not completely Global

Addressable in x-y plane

ABAB planar addressing
to ensure FT of

Each plane holds 1 
encoded qubit

Top/bottom are fully
addressable but BULK 
is not addressable.

Error in global pulse will
not lead to correlated errors in in-plane codewords

FT Version

�T = �CZ · �H
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No individual measurements allowed in 
bulk: need to develop FT QEC without
measurement, just reset: “Unitary QEC”

Choice of Code: Bacon-Shor QECC

Will find thresholds comparable with
measurement assisted QEC

Unitary gate threshold:
Preparation/reset & measurement threshold: 

“Holographic control” at the boundaries

Things we will need to make it work:

pg ∼ 3.76× 10−5

• G. Paz-Silva, G.K. Brennen, J. Twamley, New J. Phys.  13, 013011 (2011) 
• G. Paz-Silva, G.K. Brennen, J. Twamley, Phys. Rev. Lett. 105, 100501 (2010) 
• G. Paz-Silva, G.K. Brennen, J. Twamley, Phys. Rev.  A 80, 052318 (2009) 

pp ∼ pm ∼ 1/3
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Preamble...
Stages of ideal circuit based QC

Preparation of states
Unitary Gates
Measurement in a basis

Problem:  Real operations have errors and take time

Errors tend to propagate and multiply:

→ {pp, pg, pm}

→ {tp, tg, tm}

Error rates

Execution times

Introduction
Methods: A tale of two codes

Conclusions
Extras

QEC & FT
Threshold in perspective

Motivation

But real world operations have errors and take time...

Error rates −→ {pp, pg , pm}
Execution time −→ {tp, tg , tm}

The bigger the computation more accuracy we need ?!?

Errors tend to propagate !?!

X • X�������� X

Paz-Silva, Macquarie University CQCT Workshop 2010
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Quantum Error Correction
Repeat and conquer!

QEC can also introduce
errors:

Concatenate and conquer!

Avoid proliferation of errors by using gates that don’t breed errors: 
Transversal operations

Arbitrarily long computations if error rates below:

This threshold depends on MANY things:

Introduction
Methods: A tale of two codes

Conclusions
Extras

QEC & FT
Threshold in perspective

Quantum Error correction (QEC)

Redundify and conquer!

a |0�+ b |1� → a |000�+ b |111�

|Ψ�� • Recovery |Ψ0�

|ancilla0� Synd ��������S • |ancilla��

QEC itself can introduce (additional) errors

Paz-Silva, Macquarie University CQCT Workshop 2010

Introduction
Methods: A tale of two codes

Conclusions
Extras

QEC & FT
Threshold in perspective

Fault-tolerance

Concatenate and conquer!1

���0(k)
�

=
���0(k−1)0(k−1)0(k−1)

�
−→ p(k) ≤ C (p(k−1))2

Avoid propagation of errors with careful use of two-qubit
gates – Transversal operations

Arbitrarily long computations if error rates are below pthr = 1/C
pthreshold depends on:

QEC code used.

Circuit design (“gadgets”).

Error model
1
Aharonov and Ben-Or, SIAM J. on Computing 38, 1207 (2008),

quant-ph/9906129; Gottesman, arXiv:0904.2557

Paz-Silva, Macquarie University CQCT Workshop 2010• Aharonov and Ben-Or, SIAM J on Computing 38, 1207 (2008), quant-ph/9906129. Gottesman, arXiv: 0904.2557

Introduction
Methods: A tale of two codes

Conclusions
Extras

QEC & FT
Threshold in perspective

Fault-tolerance

Concatenate and conquer!1

���0(k)
�

=
���0(k−1)0(k−1)0(k−1)

�
−→ p(k) ≤ C (p(k−1))2

Avoid propagation of errors with careful use of two-qubit
gates – Transversal operations

Arbitrarily long computations if error rates are below pthr = 1/C
pthreshold depends on:

QEC code used.

Circuit design (“gadgets”).

Error model
1
Aharonov and Ben-Or, SIAM J. on Computing 38, 1207 (2008),

quant-ph/9906129; Gottesman, arXiv:0904.2557

Paz-Silva, Macquarie University CQCT Workshop 2010
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Methods: A tale of two codes
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Extras

QEC & FT
Threshold in perspective

Fault-tolerance

Concatenate and conquer!2

���0(k)
�

=
���0(k−1)0(k−1)0(k−1)

�
−→ p(k) ≤ C (p(k−1))2

Avoid propagation of errors with careful use of two-qubit
gates – Transversal operations

Arbitrarily long computations if error rates are below pthr = 1/C
pthreshold depends on:

QEC code used.

Circuit design (“gadgets”).

Error model
2
Aharonov and Ben-Or, SIAM J. on Computing 38, 1207 (2008),

quant-ph/9906129; Gottesman, arXiv:0904.2557

Paz-Silva, Macquarie University CQCT Workshop 2010
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Typically QEC codes relies on measurement to perform recovery!

Measurement is a Physical/Technical PAIN?

Eg: 100 logical qubit Q device (9 qubit Bacon Shor QECC)

k=4 levels of concatenation

No of Physical Qubits

 ssssssssssssssssssssssssssssss Distinguishable and 
simultaneous measurements at each EC step!!!!

How to achieve such levels of measurement...

Measurement errors not zero!

Huge overhead...

Introduction
Methods: A tale of two codes

Conclusions
Extras

QEC & FT
Threshold in perspective

Measurements in perspective

In a 100 logical qubit quantum computer, e.g. 9-qubit Bacon-Shor
code, k = 4 levels of concatenation.

Physical qubits ∼ N × (9k + 2× 9k) = 1968300 ∼ 106

N × 3k = 8100 ∼ 103 − 104 simultaneous and
distinguishable measurements at every EC step.

Key issues: lack of space, time, ...

Paz-Silva, Macquarie University CQCT Workshop 2010

Introduction
Methods: A tale of two codes

Conclusions
Extras

QEC & FT
Threshold in perspective

Measurements in perspective

In a 100 logical qubit quantum computer, e.g. 9-qubit Bacon-Shor
code, k = 4 levels of concatenation.

Physical qubits ∼ N × (9k + 2× 9k) = 1968300 ∼ 106

N × 3k = 8100 ∼ 103 − 104 simultaneous and
distinguishable measurements at every EC step.

Key issues: lack of space, time, ...

Paz-Silva, Macquarie University CQCT Workshop 2010

pm~2x10-3 ion traps, 
3x10-2 quantum dots 
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Can deal with it to some extent
Computations of threshold usually assume

all error rates are the same:

all operation times are the same:

But in many systems measurements are slow and very faulty 

Slow measurements can be allowed during error correction by 
compensating with rotated Pauli frame

Faulty unitary gates can be improved using dynamical decoupling 
strategies

doesn’t work for measurement step

Goal to find a way to accommodate slow and noisy measurements/
preparation with small impact to unitary gate threshold value

pg = pp = pm

tg = tp = tm

• D.P. DiVincenzo and P. Aliferis,Effective fault-tolerant quantum computation with slow measurements, PRL 98, 020501 (2007)
• Khodjasteh, K., Lidar D. A., & Viola, L., "Arbitrarily Accurate Dynamical Control in Open Quantum Systems". Phys. Rev. Lett. 104,. 090501. (2010)
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FT QEC with coherent recovery : UFTQEC
Eliminate measurement from FT QEC : very handy for experiments 
and also for globally controlled quantum architectures...

Example: Bit Flip Code

But decoded before 
recovery...not protected.
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FT QEC with coherent recovery : UFTQEC
Dont decode...need a few more (qu)bits

QEC Circuit with Syndrome Register and Recovery

!
"#$%&'!(#)*#%%+!,-.!/)'$01!2334! 5)#%6)*!,''7'!87''&06$7%! 29:;;!

<#)*#%%=1>?&'6@%&6!

AB! C&B0'$<&C! $%! 61&! D#B6! B&06$7%+! *&#B)'&*&%6B! )B)#DD>! #'&! C7%&!

E$61!#%0$DD#B@!F7'! 61&!7<B&'G#<D&!!"!#$%!#!&! 61&!*&#B)'&*&%6!#%C!

07''&06$7%!0$'0)$6! $B!B17E%!<&D7E@!-1&!61'&&!)??&'!D$%&B!C&%76&!61&!
&%07C&C!H)<$6!<D70I@!J%!7)'!K$L)'&B+!E&!E$DD!%76!*#'I!61&*!B?&0$#DD>@!!

!

0

0

!
'()*+,%#-.-%/0+,,12*3(4%56(7%89:,%1%,++9+%:,4,84(9;%<;:%89++,84(9;%8(+8*(4%=(40%!!%

!

M&! 07)DC! &G&%! B$*?D$K>! 61$B! L#6&@! J%B6&#C! 7K! 61&! !"!#$% !#!&!

*&#B)'&*&%6B+!E&!07)DC!?&'K7'*!6E7!07%6'7DD&CNOP-B!7%!61&!B#*&!

6#'L&6! #%0$DD#! <)6! E$61! C$KK&'&%6! 07%6'7D! H)<$6@! JK! 61&! 6E7! 07%6'7D!

H)<$6B!#'&!61&!B#*&+!61&!#%0$DD#!&$61&'!B6#>B!$%!61&! 0 !B6#6&!7'!L&6B!

KD$??&C!6E$0&!'&B)D6$%L!#DB7!$%!61&! 0 !B6#6&@!Q$I&!61$B!E&!#'&!#<D&!67!

07*?#'&!6E7!H)<$6B!#B!$%!61&!0$'0)$6!#<7G&@!!
!

0

0

!
'()*+,%#->-%/0+,,12*3(4%56(7%89:,%1%,++9+%89++,84(9;%8(+8*(4%=(40%?@A/%

!
-1&!B>%C'7*&!6#<D&!B6#>B!61&!B#*&R!

!
S9 S2 ,''7'

3 3 J

9 3 T9

9 9 T2

3 9 T4

!

!

En
co

de
d 

Q
ub

its
A

nc
ill

a
e

Syndrome 
Detection

Recovery 
Operation

!
"#$%&'!(#)*#%%+!,-.!/)'$01!2334! 5)#%6)*!,''7'!87''&06$7%! 29:;;!

<#)*#%%=1>?&'6@%&6!

AB! C&B0'$<&C! $%! 61&! D#B6! B&06$7%+! *&#B)'&*&%6B! )B)#DD>! #'&! C7%&!

E$61!#%0$DD#B@!F7'! 61&!7<B&'G#<D&!!"!#$%!#!&! 61&!*&#B)'&*&%6!#%C!

07''&06$7%!0$'0)$6! $B!B17E%!<&D7E@!-1&!61'&&!)??&'!D$%&B!C&%76&!61&!
&%07C&C!H)<$6!<D70I@!J%!7)'!K$L)'&B+!E&!E$DD!%76!*#'I!61&*!B?&0$#DD>@!!

!

0

0

!
'()*+,%#-.-%/0+,,12*3(4%56(7%89:,%1%,++9+%:,4,84(9;%<;:%89++,84(9;%8(+8*(4%=(40%!!%

!

M&! 07)DC! &G&%! B$*?D$K>! 61$B! L#6&@! J%B6&#C! 7K! 61&! !"!#$% !#!&!

*&#B)'&*&%6B+!E&!07)DC!?&'K7'*!6E7!07%6'7DD&CNOP-B!7%!61&!B#*&!

6#'L&6! #%0$DD#! <)6! E$61! C$KK&'&%6! 07%6'7D! H)<$6@! JK! 61&! 6E7! 07%6'7D!

H)<$6B!#'&!61&!B#*&+!61&!#%0$DD#!&$61&'!B6#>B!$%!61&! 0 !B6#6&!7'!L&6B!

KD$??&C!6E$0&!'&B)D6$%L!#DB7!$%!61&! 0 !B6#6&@!Q$I&!61$B!E&!#'&!#<D&!67!

07*?#'&!6E7!H)<$6B!#B!$%!61&!0$'0)$6!#<7G&@!!
!

0

0

!
'()*+,%#->-%/0+,,12*3(4%56(7%89:,%1%,++9+%89++,84(9;%8(+8*(4%=(40%?@A/%

!
-1&!B>%C'7*&!6#<D&!B6#>B!61&!B#*&R!

!
S9 S2 ,''7'

3 3 J

9 3 T9

9 9 T2

3 9 T4

!

!

=
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TABLE 1. The three qubit bit-flip code. Note that each
error results in a different sequence of stabilizer generator
measurement results. !·"! represents the expectation value
of · under the encoded three qubit state ! .

!ZZI"! !IZZ"! Error Correcting unitary

+1 +1 None None
-1 +1 on qubit 1 XII
+1 -1 on qubit 3 IIX
-1 -1 on qubit 2 IXI

•
R• •

•
|0" !"#$%&'( !"#$%&'( )* +,-. /0Ma •

|0" !"#$%&'( !"#$%&'( )* +,-. /0Mb •

• !"#$%&'(

• • !"#$%&'(

• !"#$%&'(

|0" !"#$%&'( !"#$%&'( • 12345678 •
|0" !"#$%&'( !"#$%&'( 12345678 • •

FIGURE 2. Circuits for implementing the three qubit bit-flip code. The circuit on the left shows an implementation that uses
measurement, and the circuit on the right shows one that uses no measurement. In both figures, the top three qubits form the
encoded logical qubit and the bottom two are ancilla. Note that for the circuit on the right, to repeat the error correction procedure,
the ancilla qubits must be replaced or reset to the |0" state at the end of each run (at the far right of the circuit).

of general stabilizer codes, are that the stabilizer generators commute, and that the codewords are both eigenvalue one

eigenstates of the stabilizer generators (or in other words, the codespace is stabilized by the generators).

The four possible outcomes frommeasuring the two stabilizer generators tell us about the four possible error events.

This is illustrated by table 1. Correcting errors using this code then simply amounts to applying a unitary to restore the

encoded state back to its unperturbed value. The value of this unitary depends on the measurement results as table 1

shows.

CONTINUOUS ERROR CORRECTION BY INDIRECT FEEDBACK

The indirect feedback model of error correction is a continuous version of discrete error correction with measurement.

Full details on this model are in the paper [15], we will simply outline the results. The subfigure on the left of figure

2 shows a circuit which implements the bit-flip code in a discrete manner with measurement. The top three qubits

in the circuit represent the encoded qubit and the bottom two represent ancilla qubits used in the stabilizer generator

measurements. The first part of the circuit, the CNOT gates and the projective measurements, detect the error by

placing the results of the stabilizer generator measurements in the ancilla qubits and measuring in the computational

basis. Then the results of these measurements are used to condition the unitary correcting gate,R. To make this process

continuous we must replace the CNOT gates and projective measurements by a weak, continuous measurement of the

stabilizer generators, and the unitary correcting gate by Hamiltonian evolution which is conditioned on the continuous

stabilizer measurement record.

Note that for the three qubit code we need to measure two stabilizer generators continuously and simultaneously.

This poses no fundamental problems because by definition the stabilizer generators are commuting observables. Also,

because the codespace is stabilized by the generators, when there is no error, these measurements do not affect the

encoded qubits at all. However, one problem that does arise is that the continuous measurements, because they are

weak, are very noisy. This is just a manifestation of the tradeoff in quantum mechanics between the strength of a

measurement (and hence the amount of back action on the system being measured) and the the amount of information

gained from the measurement. As in classical feedback control, feedback conditioned on noisy measurement records

is in general ineffective, and thus we cannot perform error correction by using the raw measurement signals. Instead

we must insert a signal processing step between the measurement and the classical controller which smoothes the

stabilizer generator measurement records.
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A full code: 9-qubit Bacon Shor code

Defined by the stabilizers
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� X X I
X X I
X X I
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I X X
I X X
I X X

,
Z Z Z
Z Z Z
I I I

,
I I I
Z Z Z
Z Z Z

�
.

XL =
3�

i=1

Xi ,1;ZL =
3�

i=1

Z1,i

Gauge operations:
Pairs of X in same row, Pairs of Z in same column.

G. A. Paz-Silva, G. K. Brennen, and J. Twamley Fault-tolerance with slow and noisy measurement & preparation. arXiv:1002.1536
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But we need a code capable of correcting for arbitrary errors:

3× 3 Bacon-Shor code∼ combination of X and Z basis QR
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QEC Code: Bacon Shor codes
Use BS Encoding [[9,1,3]] code:  encodes 1 logical qubit in 9 and 
corrects for 1 error

BS like nested QR codes..

Clifford Ops:
Many gates transversal 

Not trans: Z1/2  gate: use

X Z H+ 90º rotationCNOT

|iL� ∼ |0L�+ i|1L� 3

����+(k)
�⊗3

CXPC
(−)

♦
����+(k)

�⊗3

C3N (Z)
♦

���+(k)
�⊗9

CX CXPC
(+)���Ψ(k+1)

�

CX CX (+)
PR

�������� W Z
���0(k)

�⊗9

C3N (X)����0(k)
�⊗3

CX (−)
PR

•
����0(k)

�⊗3
•

FIG. 2: Full error correction (EC) gadget for the BS code.
Here, a TOFFOLI with � controls is a Z − TOFFOLI; CX =
∏3

i, j=1 CX (k)
(c,i, j),(t,i, j) is a set of transversal CNOTs, CX (±)

PR
=

∏3
i, j=1 CX (k)

(c,i, j),(t,i, j±1) is a set of transversal CNOTs with row-

permuted targets and CXPC
(±) = ∏3

i, j=1 CX (k)
(c,i, j),(t,i, j±1) is a set of

transversal CNOTs with column-permuted controls; and C3N (Z) =
∏i, j CN (Z,k)

(c,i, j),(t,1, j), C3N (X) = ∏i, j CN (X ,k)
(c,i, j),(t,i,1) are simultaneous

CN gates with shared targets and controls respectively(see Sec.A 3
for more details on propagation of errors in this step). Here

����0(k)
�

is

an X-basis majority voting and
����+(k)

�
corresponds to a Z-basis ma-

jority voting encoded k times. The controls of these gates is always
the top input of the gate. All gates are encoded with the exception of
the bTOFFOLI gate. Here W denotes a waiting gate. Note that the
execution time of a M gate is roughly half of the EC execution time,
and thus W can be omitted at higher levels (k > 1).

ingly to correct the error, however choose to execute a coher-
ent feedback as we want to avoid measurements in the QEC
gadget. We replace the protected TOFFOLI, by the combi-
nation of CN and a subsequent bitwise TOFFOLI, (denoted
bTOFFOLI), controlled by the classical strings targeted by the
CN gate. After the CN our ancillas are highly vulnerable to Z
errors; however note that they are not entangled with the data
and will only interact with it through bTOFFOLIs, thus such
errors are irrelevant to our protected data. Note that in the QR
code, all the gates used in M are transversal, and thus M is
a transversal QEC gadget for that code. For us, the M gate
will double as an error correction gadget for the quantum
repetition code (dropping the superfluous CN gates) and
as the building element for the Bacon Shor EC gadget. At
degree k of concatenation the TOFFOLI gates we are using
only need 3k targets and two sets of 3k controls. Motivated
by this, and exploiting the gauge structure of the code, we de-
fine CN (X) (and CN (Z)), gates for the BS code at level k of
concatenation, acting on |0L�(k)⊗

����0(k)
�

CN (X ,k)
c,t =

3k

∏
j=1

3k

∏
i=1

CNOT(c,i, j),(t,i,1) (3)

CN (Z,k)
c,t =

3k

∏
i=1

3k

∏
j=1

CNOT(c,1, j),(t,i, j) . (4)

|φL� • • eiπ/4Z1/2 |φL�
|+iL� �������� • |+iL�

(a)

|+L� • H •

|0L� Ũ Ũ f lip |φ0�
(b)

FIG. 3: (a) Circuit used to execute an encoded Z1/2 gate on an arbi-
trary input |φL�. To prepare the special ancilla required we use circuit
(b). In this circuit, |0L� = α |φ0�+ β |φ1�; Ũ

��φ j
�

= (−1) j ��φ j
�

and
Ũ f lip |φ0�= |φ1�. Note that making Ũ = iXZ and Ũ f lip = Z prepares
the desired |φ0�= |+iL�. Because the Z1/2 operation is only needed
at the highet level of concatenation one could alternative inject the
|+i� state using the circuit in Fig. (5).

where A(�,r,c) denotes gate A acting on the qubit in row r and
column c of logical qubit �. The (X) or (Z) version of the
gate is used depending on the correction subroutine in which
it is being used, e.g. to correct X-errors (as in Fig. (1)), we
use CN (X). This gate is essentially a CNOT between the two
codes, and at level-k is constructed as a CNOT would: the
input and output are protected with EC and M gadgets, from
level k to level 1, and uses the same number (9k) of physical
CNOTS, albeit with only 3k different targets (see Eq. (4)), to
execute the gate. Because EC is essentially a composition of
six M gates used to correct X and Z errors, then the number of
error prone locations is larger. It follows that a CN protected
gate is smaller than a CNOT protected gate in terms of the
number of pairs of error prone locations.

We are now ready to describe the remaining elements of
our Bacon-Shor code fault- tolerant scheme. Recall that for a
quantum computer we essentially need preparation, gates and
measurement.
Preparation of |0L� and |+L�states: (i) Starting with a 3× 3
array of |+�, and (ii) applying a M (X) in every column we can
prepare a |+L�. Similarly |0L� is obtained (i) starting with a
3×3 array of |0�, and (ii) executing a M (Z) in every row.
Clifford group generators: CNOT,H,Z1/2: The CNOT gate
is bitwise and thus already transversal, the H gate can also
be implemented in a bitwise fashion but, because stabilizers
are rotated by this action, it is followed up by a physical
π/2-rotation. The Z1/2 can be implemented using the cir-
cuit [19] in Fig. (3(a)), provided one can prepare an |+iL� =
(|0L�+ i |1L�)/

√
2 ancilla. To prepare such an ancilla we use a

modified version (Fig. (3(b)) of the circuit introduced in [16],
which uses only encoded inputs and gates. It is worth stressing
that, as EC gadgets do not require Z1/2 gates, this operation is
only required at the highest level of concatenation.

X and Z basis measurements.- Again, as we do not use mea-
surements in the EC gadgets, they are only required at the
highest level of concatenation. Furthermore, given their form,
measuring encoded logical operators can be achieved measur-
ing only one row or column of the 9k×9k encoding array.

The above set of operations, plus the EC gadget described
before, are enough to fault tolerantly simulate any Clifford op-
eration provided the preparation, gate, and measurement error

X,Z measurements at highest cat level 

X Z
9k−1 qubits

• Not needed except at highest cat level
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Figure 2. Measurement-free QEC routines for the QR and BS codes. The inputs
are |�0(k)� = |000�⊗3k−1

and |�+(k)� = | + ++�⊗3k−1
. (a) TheM-gate. An X-encoded

majority voting gadget of (k + 1)-level of concatenation. Here all CNOTs are
bitwise, i.e. each CNOT depicted corresponds to three CNOT(k), and subscript
R corresponds to a cyclic k-encoded rotation of the targets of the corresponding
gate. In the QR code, the TOFFOLI gate depicted is bitwise. The M-gate can
also be designed for a Z -encoded quantum majority voting, with |�+(k)� ancillas
and the obvious Hadamard conjugation of gates. When the need to distinguish
them arises, we shall denote X and Z encoded majority votings by M(X) and
M(Z), respectively. (b) A subroutine acting on ancillas for processing error
syndrome information extracted from the data. The circuit shows one row,
(VN )i(k), of the fully contracted exRec VN (k) representing a collection of
k-level protected gates acting on row i of ancillas which take part in an EC(k + 1)
step. Note that in this circuit the output top lines are discarded, so no EC
gadget must protect them. With this, the exRec corresponding to N at degree
of concatenation k is N (k) = EC(k) ×

�
i∈rows(VN )i(k − 1) × EC(k). In our

circuits, �G(k)� denotes the implementation of gate G, in terms of (k − 1)-level
gates, without the prepending or appending EC(k). (c) Full EC gadget for the BS
code. The orange and pink boxes represent the syndrome extraction stage. Here,
a TOFFOLI with � controls is a Z -TOFFOLI; CX =

�3
i, j=1 CNOT(k)

(c,i, j),(t,i, j)

is a set of transversal CNOTs, CX(±)
PR

=
�3

i, j=1 CNOT(k)
(c,i, j),(t,i, j±1) and CXPC

(±) =
�3

i, j=1 CNOT(k)
(c,i, j±1),(t,i, j). The control of the gates in boxes is always the top

input of the gate. The W gate is a wait (identity) gate, and the last gate on the
upper and the lower half is a transversal bTOFFOLI.
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FIG. 1: Measurement-free QEC routines for the QR and BS code. The inputs are
����0(k)

�
= |000�⊗3k−1

and
����+(k)

�
= |+++�⊗3k−1

. (a) The
M gate. An X-encoded majority voting gadget of level-(k + 1) of concatenation. Here all CNOTs are bitwise, i.e. each CNOT depicted
corresponds to three CNOT (k), and subscript R corresponds to a cyclic k-encoded rotation of the targets of the corresponding gate. In the
QR code the TOFFOLI gate depicted is bitwise. The M gate can also be designed for a Z-encoded quantum majority voting, with

����+(k)
�

ancillas and the obvious Hadamard conjugation of gates. When the need to distinguish them arises we shall denote X and Z encoded majority
votings M (X) and M (Z) respectively. (b) A subroutine acting on ancilla for processing error syndrome information extracted from the data.
The circuit shows one row, (V N )i(k), of the fully contracted exRec V N (k) = �N (k+1)� representing a collection of k-level protected gates
acting on row i of ancilla which take part in an EC(k+1) step. Note that in this circuit the output top lines are discarded so no EC gadget must
protect them. With this, the exRec corresponding to N at degree of concatenation k is N (k) = EC(k)×∏i∈rows(V N )i(k− 1)×EC(k). In
our circuits �G(k)� denotes the implementation of gate G, in terms of level-(k−1) gates, without the prepended and appended EC(k) routines,
and W denotes a waiting gate. (c) Full error correction (EC) gadget for the BS code. Here, a TOFFOLI with � controls is a Z −TOFFOLI;
CX = ∏3

i, j=1 CNOT (k)
(c,i, j),(t,i, j) is a set of transversal CNOTs, CX (±)

PR
= ∏3

i, j=1 CNOT (k)
(c,i, j),(t,i, j±1) and CXPC

(±) = ∏3
i, j=1 CNOT (k)

(c,i, j±1),(t,i, j). The
control of the gates in boxes is always the top input of the gate. The last gate is a bTOFFOLI.

by (i) starting with a 3× 3 array of |0�, and (ii) executing a M (Z) in every row. (II) Clifford group generators: CNOT,H,Z1/2:
The CNOT gate is transversal, the H gate can also be implemented in a bitwise fashion but, because stabilizers are rotated by
this action, it is followed up by a physical π/2-rotation accommodated by relabeling or rewiring of gates. The Z1/2 gate can
be implemented using the circuit in Fig. (2(a)), provided one can prepare a logical ancilla in |±iL� = (|0L�± i |1L�)/

√
2. Since

the Z1/2 gate is not part of the EC routines, it is only needed at the highest level of concatenation. Furthermore, as it is the only
complex gate, it can be shown that by always using the same logical ancilla prepared in |0L�= 1/

√
2(|+iL�+ |−iL�) to activate the

circuit in Fig. (2(a)), then the entire quantum computation splits into two noninterfering paths (evolution by Ucomp and U∗
comp) and

the measurements of real, Hermitian operators at the end have the same expectation values as for evolution by Ucomp alone [17].
Alternatively one can use the distillation circuit in [3] at the highest level provided one can prepare it with an error rate below
p(i−anc) = 1/2. (III) X and Z basis measurements.- They are only required at the highest level of concatenation. Given their form,
measuring encoded logical operators can be achieved measuring only one row or column of the 9k ×9k encoding array.
Threshold calculation for Clifford operations.- We use the extended rectangle (exRec) method developed in [3] to compute the
threshold (see Supplementary Material for more details). An exRec of a gate is constructed by prepending and appending error
correction routines on the inputs and outputs. The exRec with the largest number of malignant pairs, i.e. the number of pairs of
faults which generate two or more errors in the data, will determine the threshold value. A quick inspection reveals that the largest
exRec is the one corresponding to the CNOT gate. Following [3], only at level k = 1 must one consider all elements: preparation
and gates (including waiting gates). At level k > 1, using contraction of exRecs, preparation locations can be omitted. This means

Z-decoder on row i of ancilla 
(unprotected against Z errors)

Majority voter

QEC for BS codes with unitary recovery
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k-level protected gates acting on row i of ancillas which take part in an EC(k + 1)
step. Note that in this circuit the output top lines are discarded, so no EC
gadget must protect them. With this, the exRec corresponding to N at degree
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i∈rows(VN )i(k − 1) × EC(k). In our
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gates, without the prepending or appending EC(k). (c) Full EC gadget for the BS
code. The orange and pink boxes represent the syndrome extraction stage. Here,
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= |000�⊗3k−1

and
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= |+++�⊗3k−1

. (a) The
M gate. An X-encoded majority voting gadget of level-(k + 1) of concatenation. Here all CNOTs are bitwise, i.e. each CNOT depicted
corresponds to three CNOT (k), and subscript R corresponds to a cyclic k-encoded rotation of the targets of the corresponding gate. In the
QR code the TOFFOLI gate depicted is bitwise. The M gate can also be designed for a Z-encoded quantum majority voting, with

����+(k)
�

ancillas and the obvious Hadamard conjugation of gates. When the need to distinguish them arises we shall denote X and Z encoded majority
votings M (X) and M (Z) respectively. (b) A subroutine acting on ancilla for processing error syndrome information extracted from the data.
The circuit shows one row, (V N )i(k), of the fully contracted exRec V N (k) = �N (k+1)� representing a collection of k-level protected gates
acting on row i of ancilla which take part in an EC(k+1) step. Note that in this circuit the output top lines are discarded so no EC gadget must
protect them. With this, the exRec corresponding to N at degree of concatenation k is N (k) = EC(k)×∏i∈rows(V N )i(k− 1)×EC(k). In
our circuits �G(k)� denotes the implementation of gate G, in terms of level-(k−1) gates, without the prepended and appended EC(k) routines,
and W denotes a waiting gate. (c) Full error correction (EC) gadget for the BS code. Here, a TOFFOLI with � controls is a Z −TOFFOLI;
CX = ∏3

i, j=1 CNOT (k)
(c,i, j),(t,i, j) is a set of transversal CNOTs, CX (±)

PR
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i, j=1 CNOT (k)
(c,i, j),(t,i, j±1) and CXPC

(±) = ∏3
i, j=1 CNOT (k)

(c,i, j±1),(t,i, j). The
control of the gates in boxes is always the top input of the gate. The last gate is a bTOFFOLI.

by (i) starting with a 3× 3 array of |0�, and (ii) executing a M (Z) in every row. (II) Clifford group generators: CNOT,H,Z1/2:
The CNOT gate is transversal, the H gate can also be implemented in a bitwise fashion but, because stabilizers are rotated by
this action, it is followed up by a physical π/2-rotation accommodated by relabeling or rewiring of gates. The Z1/2 gate can
be implemented using the circuit in Fig. (2(a)), provided one can prepare a logical ancilla in |±iL� = (|0L�± i |1L�)/

√
2. Since

the Z1/2 gate is not part of the EC routines, it is only needed at the highest level of concatenation. Furthermore, as it is the only
complex gate, it can be shown that by always using the same logical ancilla prepared in |0L�= 1/

√
2(|+iL�+ |−iL�) to activate the

circuit in Fig. (2(a)), then the entire quantum computation splits into two noninterfering paths (evolution by Ucomp and U∗
comp) and

the measurements of real, Hermitian operators at the end have the same expectation values as for evolution by Ucomp alone [17].
Alternatively one can use the distillation circuit in [3] at the highest level provided one can prepare it with an error rate below
p(i−anc) = 1/2. (III) X and Z basis measurements.- They are only required at the highest level of concatenation. Given their form,
measuring encoded logical operators can be achieved measuring only one row or column of the 9k ×9k encoding array.
Threshold calculation for Clifford operations.- We use the extended rectangle (exRec) method developed in [3] to compute the
threshold (see Supplementary Material for more details). An exRec of a gate is constructed by prepending and appending error
correction routines on the inputs and outputs. The exRec with the largest number of malignant pairs, i.e. the number of pairs of
faults which generate two or more errors in the data, will determine the threshold value. A quick inspection reveals that the largest
exRec is the one corresponding to the CNOT gate. Following [3], only at level k = 1 must one consider all elements: preparation
and gates (including waiting gates). At level k > 1, using contraction of exRecs, preparation locations can be omitted. This means
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Figure 2. Measurement-free QEC routines for the QR and BS codes. The inputs
are |�0(k)� = |000�⊗3k−1

and |�+(k)� = | + ++�⊗3k−1
. (a) TheM-gate. An X-encoded

majority voting gadget of (k + 1)-level of concatenation. Here all CNOTs are
bitwise, i.e. each CNOT depicted corresponds to three CNOT(k), and subscript
R corresponds to a cyclic k-encoded rotation of the targets of the corresponding
gate. In the QR code, the TOFFOLI gate depicted is bitwise. The M-gate can
also be designed for a Z -encoded quantum majority voting, with |�+(k)� ancillas
and the obvious Hadamard conjugation of gates. When the need to distinguish
them arises, we shall denote X and Z encoded majority votings by M(X) and
M(Z), respectively. (b) A subroutine acting on ancillas for processing error
syndrome information extracted from the data. The circuit shows one row,
(VN )i(k), of the fully contracted exRec VN (k) representing a collection of
k-level protected gates acting on row i of ancillas which take part in an EC(k + 1)
step. Note that in this circuit the output top lines are discarded, so no EC
gadget must protect them. With this, the exRec corresponding to N at degree
of concatenation k is N (k) = EC(k) ×

�
i∈rows(VN )i(k − 1) × EC(k). In our

circuits, �G(k)� denotes the implementation of gate G, in terms of (k − 1)-level
gates, without the prepending or appending EC(k). (c) Full EC gadget for the BS
code. The orange and pink boxes represent the syndrome extraction stage. Here,
a TOFFOLI with � controls is a Z -TOFFOLI; CX =

�3
i, j=1 CNOT(k)

(c,i, j),(t,i, j)
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(±) =
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(c,i, j±1),(t,i, j). The control of the gates in boxes is always the top

input of the gate. The W gate is a wait (identity) gate, and the last gate on the
upper and the lower half is a transversal bTOFFOLI.

New Journal of Physics 13 (2011) 013011 (http://www.njp.org/)

7

Figure 2. Measurement-free QEC routines for the QR and BS codes. The inputs
are |�0(k)� = |000�⊗3k−1

and |�+(k)� = | + ++�⊗3k−1
. (a) TheM-gate. An X-encoded

majority voting gadget of (k + 1)-level of concatenation. Here all CNOTs are
bitwise, i.e. each CNOT depicted corresponds to three CNOT(k), and subscript
R corresponds to a cyclic k-encoded rotation of the targets of the corresponding
gate. In the QR code, the TOFFOLI gate depicted is bitwise. The M-gate can
also be designed for a Z -encoded quantum majority voting, with |�+(k)� ancillas
and the obvious Hadamard conjugation of gates. When the need to distinguish
them arises, we shall denote X and Z encoded majority votings by M(X) and
M(Z), respectively. (b) A subroutine acting on ancillas for processing error
syndrome information extracted from the data. The circuit shows one row,
(VN )i(k), of the fully contracted exRec VN (k) representing a collection of
k-level protected gates acting on row i of ancillas which take part in an EC(k + 1)
step. Note that in this circuit the output top lines are discarded, so no EC
gadget must protect them. With this, the exRec corresponding to N at degree
of concatenation k is N (k) = EC(k) ×

�
i∈rows(VN )i(k − 1) × EC(k). In our

circuits, �G(k)� denotes the implementation of gate G, in terms of (k − 1)-level
gates, without the prepending or appending EC(k). (c) Full EC gadget for the BS
code. The orange and pink boxes represent the syndrome extraction stage. Here,
a TOFFOLI with � controls is a Z -TOFFOLI; CX =

�3
i, j=1 CNOT(k)

(c,i, j),(t,i, j)

is a set of transversal CNOTs, CX(±)
PR

=
�3

i, j=1 CNOT(k)
(c,i, j),(t,i, j±1) and CXPC

(±) =
�3

i, j=1 CNOT(k)
(c,i, j±1),(t,i, j). The control of the gates in boxes is always the top

input of the gate. The W gate is a wait (identity) gate, and the last gate on the
upper and the lower half is a transversal bTOFFOLI.

New Journal of Physics 13 (2011) 013011 (http://www.njp.org/)

3

• • ��������
����0(k)

�
X XR • •

����0(k)
�

XR−1 •

(a)

ECX (k) �W� •

ECX (k) •

ECX (k) �X� �X� �N (X)(k−1)� M (X)(k)

(b)

����+(k)
�⊗3

CXPC
(−)

♦
���+(k)

L

�⊗9

CX CXPC
(+)

∏i(V N )
(Z)
i ♦

���Ψ(k+1)
�

CX CX (+)
PR

�������� W Z
���0(k)L

�⊗9
∏i(V N )

(X)
i

CXPR
(−)

•
����0(k)

�⊗3
•

� � � � � � � ��
�
�
�
�

�
�
�
�
�

� � � � � � � �

� � � � � � � � ��
�
�
�
�

�
�
�
�
�

� � � � � � � � �

(c)

FIG. 1: Measurement-free QEC routines for the QR and BS code. The inputs are
����0(k)

�
= |000�⊗3k−1

and
����+(k)

�
= |+++�⊗3k−1

. (a) The
M gate. An X-encoded majority voting gadget of level-(k + 1) of concatenation. Here all CNOTs are bitwise, i.e. each CNOT depicted
corresponds to three CNOT (k), and subscript R corresponds to a cyclic k-encoded rotation of the targets of the corresponding gate. In the
QR code the TOFFOLI gate depicted is bitwise. The M gate can also be designed for a Z-encoded quantum majority voting, with

����+(k)
�

ancillas and the obvious Hadamard conjugation of gates. When the need to distinguish them arises we shall denote X and Z encoded majority
votings M (X) and M (Z) respectively. (b) A subroutine acting on ancilla for processing error syndrome information extracted from the data.
The circuit shows one row, (V N )i(k), of the fully contracted exRec V N (k) = �N (k+1)� representing a collection of k-level protected gates
acting on row i of ancilla which take part in an EC(k+1) step. Note that in this circuit the output top lines are discarded so no EC gadget must
protect them. With this, the exRec corresponding to N at degree of concatenation k is N (k) = EC(k)×∏i∈rows(V N )i(k− 1)×EC(k). In
our circuits �G(k)� denotes the implementation of gate G, in terms of level-(k−1) gates, without the prepended and appended EC(k) routines,
and W denotes a waiting gate. (c) Full error correction (EC) gadget for the BS code. Here, a TOFFOLI with � controls is a Z −TOFFOLI;
CX = ∏3

i, j=1 CNOT (k)
(c,i, j),(t,i, j) is a set of transversal CNOTs, CX (±)

PR
= ∏3

i, j=1 CNOT (k)
(c,i, j),(t,i, j±1) and CXPC

(±) = ∏3
i, j=1 CNOT (k)

(c,i, j±1),(t,i, j). The
control of the gates in boxes is always the top input of the gate. The last gate is a bTOFFOLI.

by (i) starting with a 3× 3 array of |0�, and (ii) executing a M (Z) in every row. (II) Clifford group generators: CNOT,H,Z1/2:
The CNOT gate is transversal, the H gate can also be implemented in a bitwise fashion but, because stabilizers are rotated by
this action, it is followed up by a physical π/2-rotation accommodated by relabeling or rewiring of gates. The Z1/2 gate can
be implemented using the circuit in Fig. (2(a)), provided one can prepare a logical ancilla in |±iL� = (|0L�± i |1L�)/

√
2. Since

the Z1/2 gate is not part of the EC routines, it is only needed at the highest level of concatenation. Furthermore, as it is the only
complex gate, it can be shown that by always using the same logical ancilla prepared in |0L�= 1/

√
2(|+iL�+ |−iL�) to activate the

circuit in Fig. (2(a)), then the entire quantum computation splits into two noninterfering paths (evolution by Ucomp and U∗
comp) and

the measurements of real, Hermitian operators at the end have the same expectation values as for evolution by Ucomp alone [17].
Alternatively one can use the distillation circuit in [3] at the highest level provided one can prepare it with an error rate below
p(i−anc) = 1/2. (III) X and Z basis measurements.- They are only required at the highest level of concatenation. Given their form,
measuring encoded logical operators can be achieved measuring only one row or column of the 9k ×9k encoding array.
Threshold calculation for Clifford operations.- We use the extended rectangle (exRec) method developed in [3] to compute the
threshold (see Supplementary Material for more details). An exRec of a gate is constructed by prepending and appending error
correction routines on the inputs and outputs. The exRec with the largest number of malignant pairs, i.e. the number of pairs of
faults which generate two or more errors in the data, will determine the threshold value. A quick inspection reveals that the largest
exRec is the one corresponding to the CNOT gate. Following [3], only at level k = 1 must one consider all elements: preparation
and gates (including waiting gates). At level k > 1, using contraction of exRecs, preparation locations can be omitted. This means

QEC for BS codes with unitary recovery

CX and Rotated 
CX

BS

X
X

QR



Jason Twamley, Macquarie University, Sydney Australia Quantum Error Correction 2011, USC

Unitary gadget for combined X (lower half) and Z (upper half) 
correction

7
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and |�+(k)� = | + ++�⊗3k−1
. (a) TheM-gate. An X-encoded

majority voting gadget of (k + 1)-level of concatenation. Here all CNOTs are
bitwise, i.e. each CNOT depicted corresponds to three CNOT(k), and subscript
R corresponds to a cyclic k-encoded rotation of the targets of the corresponding
gate. In the QR code, the TOFFOLI gate depicted is bitwise. The M-gate can
also be designed for a Z -encoded quantum majority voting, with |�+(k)� ancillas
and the obvious Hadamard conjugation of gates. When the need to distinguish
them arises, we shall denote X and Z encoded majority votings by M(X) and
M(Z), respectively. (b) A subroutine acting on ancillas for processing error
syndrome information extracted from the data. The circuit shows one row,
(VN )i(k), of the fully contracted exRec VN (k) representing a collection of
k-level protected gates acting on row i of ancillas which take part in an EC(k + 1)
step. Note that in this circuit the output top lines are discarded, so no EC
gadget must protect them. With this, the exRec corresponding to N at degree
of concatenation k is N (k) = EC(k) ×
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i∈rows(VN )i(k − 1) × EC(k). In our

circuits, �G(k)� denotes the implementation of gate G, in terms of (k − 1)-level
gates, without the prepending or appending EC(k). (c) Full EC gadget for the BS
code. The orange and pink boxes represent the syndrome extraction stage. Here,
a TOFFOLI with � controls is a Z -TOFFOLI; CX =
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correction routines on the inputs and outputs. The exRec with the largest number of malignant pairs, i.e. the number of pairs of
faults which generate two or more errors in the data, will determine the threshold value. A quick inspection reveals that the largest
exRec is the one corresponding to the CNOT gate. Following [3], only at level k = 1 must one consider all elements: preparation
and gates (including waiting gates). At level k > 1, using contraction of exRecs, preparation locations can be omitted. This means
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Figure 2. Measurement-free QEC routines for the QR and BS codes. The inputs
are |�0(k)� = |000�⊗3k−1

and |�+(k)� = | + ++�⊗3k−1
. (a) TheM-gate. An X-encoded

majority voting gadget of (k + 1)-level of concatenation. Here all CNOTs are
bitwise, i.e. each CNOT depicted corresponds to three CNOT(k), and subscript
R corresponds to a cyclic k-encoded rotation of the targets of the corresponding
gate. In the QR code, the TOFFOLI gate depicted is bitwise. The M-gate can
also be designed for a Z -encoded quantum majority voting, with |�+(k)� ancillas
and the obvious Hadamard conjugation of gates. When the need to distinguish
them arises, we shall denote X and Z encoded majority votings by M(X) and
M(Z), respectively. (b) A subroutine acting on ancillas for processing error
syndrome information extracted from the data. The circuit shows one row,
(VN )i(k), of the fully contracted exRec VN (k) representing a collection of
k-level protected gates acting on row i of ancillas which take part in an EC(k + 1)
step. Note that in this circuit the output top lines are discarded, so no EC
gadget must protect them. With this, the exRec corresponding to N at degree
of concatenation k is N (k) = EC(k) ×

�
i∈rows(VN )i(k − 1) × EC(k). In our

circuits, �G(k)� denotes the implementation of gate G, in terms of (k − 1)-level
gates, without the prepending or appending EC(k). (c) Full EC gadget for the BS
code. The orange and pink boxes represent the syndrome extraction stage. Here,
a TOFFOLI with � controls is a Z -TOFFOLI; CX =

�3
i, j=1 CNOT(k)

(c,i, j),(t,i, j)

is a set of transversal CNOTs, CX(±)
PR

=
�3

i, j=1 CNOT(k)
(c,i, j),(t,i, j±1) and CXPC

(±) =
�3

i, j=1 CNOT(k)
(c,i, j±1),(t,i, j). The control of the gates in boxes is always the top

input of the gate. The W gate is a wait (identity) gate, and the last gate on the
upper and the lower half is a transversal bTOFFOLI.

New Journal of Physics 13 (2011) 013011 (http://www.njp.org/)

7

Figure 2. Measurement-free QEC routines for the QR and BS codes. The inputs
are |�0(k)� = |000�⊗3k−1

and |�+(k)� = | + ++�⊗3k−1
. (a) TheM-gate. An X-encoded

majority voting gadget of (k + 1)-level of concatenation. Here all CNOTs are
bitwise, i.e. each CNOT depicted corresponds to three CNOT(k), and subscript
R corresponds to a cyclic k-encoded rotation of the targets of the corresponding
gate. In the QR code, the TOFFOLI gate depicted is bitwise. The M-gate can
also be designed for a Z -encoded quantum majority voting, with |�+(k)� ancillas
and the obvious Hadamard conjugation of gates. When the need to distinguish
them arises, we shall denote X and Z encoded majority votings by M(X) and
M(Z), respectively. (b) A subroutine acting on ancillas for processing error
syndrome information extracted from the data. The circuit shows one row,
(VN )i(k), of the fully contracted exRec VN (k) representing a collection of
k-level protected gates acting on row i of ancillas which take part in an EC(k + 1)
step. Note that in this circuit the output top lines are discarded, so no EC
gadget must protect them. With this, the exRec corresponding to N at degree
of concatenation k is N (k) = EC(k) ×

�
i∈rows(VN )i(k − 1) × EC(k). In our

circuits, �G(k)� denotes the implementation of gate G, in terms of (k − 1)-level
gates, without the prepending or appending EC(k). (c) Full EC gadget for the BS
code. The orange and pink boxes represent the syndrome extraction stage. Here,
a TOFFOLI with � controls is a Z -TOFFOLI; CX =

�3
i, j=1 CNOT(k)

(c,i, j),(t,i, j)

is a set of transversal CNOTs, CX(±)
PR

=
�3

i, j=1 CNOT(k)
(c,i, j),(t,i, j±1) and CXPC

(±) =
�3

i, j=1 CNOT(k)
(c,i, j±1),(t,i, j). The control of the gates in boxes is always the top

input of the gate. The W gate is a wait (identity) gate, and the last gate on the
upper and the lower half is a transversal bTOFFOLI.

New Journal of Physics 13 (2011) 013011 (http://www.njp.org/)

3

• • ��������
����0(k)

�
X XR • •

����0(k)
�

XR−1 •

(a)

ECX (k) �W� •

ECX (k) •

ECX (k) �X� �X� �N (X)(k−1)� M (X)(k)

(b)

����+(k)
�⊗3

CXPC
(−)

♦
���+(k)

L

�⊗9

CX CXPC
(+)

∏i(V N )
(Z)
i ♦

���Ψ(k+1)
�

CX CX (+)
PR

�������� W Z
���0(k)L

�⊗9
∏i(V N )

(X)
i

CXPR
(−)

•
����0(k)

�⊗3
•

� � � � � � � ��
�
�
�
�

�
�
�
�
�

� � � � � � � �

� � � � � � � � ��
�
�
�
�

�
�
�
�
�

� � � � � � � � �

(c)

FIG. 1: Measurement-free QEC routines for the QR and BS code. The inputs are
����0(k)

�
= |000�⊗3k−1

and
����+(k)

�
= |+++�⊗3k−1

. (a) The
M gate. An X-encoded majority voting gadget of level-(k + 1) of concatenation. Here all CNOTs are bitwise, i.e. each CNOT depicted
corresponds to three CNOT (k), and subscript R corresponds to a cyclic k-encoded rotation of the targets of the corresponding gate. In the
QR code the TOFFOLI gate depicted is bitwise. The M gate can also be designed for a Z-encoded quantum majority voting, with

����+(k)
�

ancillas and the obvious Hadamard conjugation of gates. When the need to distinguish them arises we shall denote X and Z encoded majority
votings M (X) and M (Z) respectively. (b) A subroutine acting on ancilla for processing error syndrome information extracted from the data.
The circuit shows one row, (V N )i(k), of the fully contracted exRec V N (k) = �N (k+1)� representing a collection of k-level protected gates
acting on row i of ancilla which take part in an EC(k+1) step. Note that in this circuit the output top lines are discarded so no EC gadget must
protect them. With this, the exRec corresponding to N at degree of concatenation k is N (k) = EC(k)×∏i∈rows(V N )i(k− 1)×EC(k). In
our circuits �G(k)� denotes the implementation of gate G, in terms of level-(k−1) gates, without the prepended and appended EC(k) routines,
and W denotes a waiting gate. (c) Full error correction (EC) gadget for the BS code. Here, a TOFFOLI with � controls is a Z −TOFFOLI;
CX = ∏3

i, j=1 CNOT (k)
(c,i, j),(t,i, j) is a set of transversal CNOTs, CX (±)
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i, j=1 CNOT (k)
(c,i, j),(t,i, j±1) and CXPC

(±) = ∏3
i, j=1 CNOT (k)

(c,i, j±1),(t,i, j). The
control of the gates in boxes is always the top input of the gate. The last gate is a bTOFFOLI.

by (i) starting with a 3× 3 array of |0�, and (ii) executing a M (Z) in every row. (II) Clifford group generators: CNOT,H,Z1/2:
The CNOT gate is transversal, the H gate can also be implemented in a bitwise fashion but, because stabilizers are rotated by
this action, it is followed up by a physical π/2-rotation accommodated by relabeling or rewiring of gates. The Z1/2 gate can
be implemented using the circuit in Fig. (2(a)), provided one can prepare a logical ancilla in |±iL� = (|0L�± i |1L�)/

√
2. Since

the Z1/2 gate is not part of the EC routines, it is only needed at the highest level of concatenation. Furthermore, as it is the only
complex gate, it can be shown that by always using the same logical ancilla prepared in |0L�= 1/

√
2(|+iL�+ |−iL�) to activate the

circuit in Fig. (2(a)), then the entire quantum computation splits into two noninterfering paths (evolution by Ucomp and U∗
comp) and

the measurements of real, Hermitian operators at the end have the same expectation values as for evolution by Ucomp alone [17].
Alternatively one can use the distillation circuit in [3] at the highest level provided one can prepare it with an error rate below
p(i−anc) = 1/2. (III) X and Z basis measurements.- They are only required at the highest level of concatenation. Given their form,
measuring encoded logical operators can be achieved measuring only one row or column of the 9k ×9k encoding array.
Threshold calculation for Clifford operations.- We use the extended rectangle (exRec) method developed in [3] to compute the
threshold (see Supplementary Material for more details). An exRec of a gate is constructed by prepending and appending error
correction routines on the inputs and outputs. The exRec with the largest number of malignant pairs, i.e. the number of pairs of
faults which generate two or more errors in the data, will determine the threshold value. A quick inspection reveals that the largest
exRec is the one corresponding to the CNOT gate. Following [3], only at level k = 1 must one consider all elements: preparation
and gates (including waiting gates). At level k > 1, using contraction of exRecs, preparation locations can be omitted. This means
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Figure 2. Measurement-free QEC routines for the QR and BS codes. The inputs
are |�0(k)� = |000�⊗3k−1

and |�+(k)� = | + ++�⊗3k−1
. (a) TheM-gate. An X-encoded

majority voting gadget of (k + 1)-level of concatenation. Here all CNOTs are
bitwise, i.e. each CNOT depicted corresponds to three CNOT(k), and subscript
R corresponds to a cyclic k-encoded rotation of the targets of the corresponding
gate. In the QR code, the TOFFOLI gate depicted is bitwise. The M-gate can
also be designed for a Z -encoded quantum majority voting, with |�+(k)� ancillas
and the obvious Hadamard conjugation of gates. When the need to distinguish
them arises, we shall denote X and Z encoded majority votings by M(X) and
M(Z), respectively. (b) A subroutine acting on ancillas for processing error
syndrome information extracted from the data. The circuit shows one row,
(VN )i(k), of the fully contracted exRec VN (k) representing a collection of
k-level protected gates acting on row i of ancillas which take part in an EC(k + 1)
step. Note that in this circuit the output top lines are discarded, so no EC
gadget must protect them. With this, the exRec corresponding to N at degree
of concatenation k is N (k) = EC(k) ×

�
i∈rows(VN )i(k − 1) × EC(k). In our

circuits, �G(k)� denotes the implementation of gate G, in terms of (k − 1)-level
gates, without the prepending or appending EC(k). (c) Full EC gadget for the BS
code. The orange and pink boxes represent the syndrome extraction stage. Here,
a TOFFOLI with � controls is a Z -TOFFOLI; CX =

�3
i, j=1 CNOT(k)

(c,i, j),(t,i, j)

is a set of transversal CNOTs, CX(±)
PR

=
�3

i, j=1 CNOT(k)
(c,i, j),(t,i, j±1) and CXPC

(±) =
�3

i, j=1 CNOT(k)
(c,i, j±1),(t,i, j). The control of the gates in boxes is always the top

input of the gate. The W gate is a wait (identity) gate, and the last gate on the
upper and the lower half is a transversal bTOFFOLI.
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QR code the TOFFOLI gate depicted is bitwise. The M gate can also be designed for a Z-encoded quantum majority voting, with

����+(k)
�
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by (i) starting with a 3× 3 array of |0�, and (ii) executing a M (Z) in every row. (II) Clifford group generators: CNOT,H,Z1/2:
The CNOT gate is transversal, the H gate can also be implemented in a bitwise fashion but, because stabilizers are rotated by
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Alternatively one can use the distillation circuit in [3] at the highest level provided one can prepare it with an error rate below
p(i−anc) = 1/2. (III) X and Z basis measurements.- They are only required at the highest level of concatenation. Given their form,
measuring encoded logical operators can be achieved measuring only one row or column of the 9k ×9k encoding array.
Threshold calculation for Clifford operations.- We use the extended rectangle (exRec) method developed in [3] to compute the
threshold (see Supplementary Material for more details). An exRec of a gate is constructed by prepending and appending error
correction routines on the inputs and outputs. The exRec with the largest number of malignant pairs, i.e. the number of pairs of
faults which generate two or more errors in the data, will determine the threshold value. A quick inspection reveals that the largest
exRec is the one corresponding to the CNOT gate. Following [3], only at level k = 1 must one consider all elements: preparation
and gates (including waiting gates). At level k > 1, using contraction of exRecs, preparation locations can be omitted. This means
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Figure 2. Measurement-free QEC routines for the QR and BS codes. The inputs
are |�0(k)� = |000�⊗3k−1

and |�+(k)� = | + ++�⊗3k−1
. (a) TheM-gate. An X-encoded

majority voting gadget of (k + 1)-level of concatenation. Here all CNOTs are
bitwise, i.e. each CNOT depicted corresponds to three CNOT(k), and subscript
R corresponds to a cyclic k-encoded rotation of the targets of the corresponding
gate. In the QR code, the TOFFOLI gate depicted is bitwise. The M-gate can
also be designed for a Z -encoded quantum majority voting, with |�+(k)� ancillas
and the obvious Hadamard conjugation of gates. When the need to distinguish
them arises, we shall denote X and Z encoded majority votings by M(X) and
M(Z), respectively. (b) A subroutine acting on ancillas for processing error
syndrome information extracted from the data. The circuit shows one row,
(VN )i(k), of the fully contracted exRec VN (k) representing a collection of
k-level protected gates acting on row i of ancillas which take part in an EC(k + 1)
step. Note that in this circuit the output top lines are discarded, so no EC
gadget must protect them. With this, the exRec corresponding to N at degree
of concatenation k is N (k) = EC(k) ×
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i∈rows(VN )i(k − 1) × EC(k). In our

circuits, �G(k)� denotes the implementation of gate G, in terms of (k − 1)-level
gates, without the prepending or appending EC(k). (c) Full EC gadget for the BS
code. The orange and pink boxes represent the syndrome extraction stage. Here,
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corresponds to three CNOT (k), and subscript R corresponds to a cyclic k-encoded rotation of the targets of the corresponding gate. In the
QR code the TOFFOLI gate depicted is bitwise. The M gate can also be designed for a Z-encoded quantum majority voting, with

����+(k)
�

ancillas and the obvious Hadamard conjugation of gates. When the need to distinguish them arises we shall denote X and Z encoded majority
votings M (X) and M (Z) respectively. (b) A subroutine acting on ancilla for processing error syndrome information extracted from the data.
The circuit shows one row, (V N )i(k), of the fully contracted exRec V N (k) = �N (k+1)� representing a collection of k-level protected gates
acting on row i of ancilla which take part in an EC(k+1) step. Note that in this circuit the output top lines are discarded so no EC gadget must
protect them. With this, the exRec corresponding to N at degree of concatenation k is N (k) = EC(k)×∏i∈rows(V N )i(k− 1)×EC(k). In
our circuits �G(k)� denotes the implementation of gate G, in terms of level-(k−1) gates, without the prepended and appended EC(k) routines,
and W denotes a waiting gate. (c) Full error correction (EC) gadget for the BS code. Here, a TOFFOLI with � controls is a Z −TOFFOLI;
CX = ∏3

i, j=1 CNOT (k)
(c,i, j),(t,i, j) is a set of transversal CNOTs, CX (±)

PR
= ∏3

i, j=1 CNOT (k)
(c,i, j),(t,i, j±1) and CXPC

(±) = ∏3
i, j=1 CNOT (k)

(c,i, j±1),(t,i, j). The
control of the gates in boxes is always the top input of the gate. The last gate is a bTOFFOLI.

by (i) starting with a 3× 3 array of |0�, and (ii) executing a M (Z) in every row. (II) Clifford group generators: CNOT,H,Z1/2:
The CNOT gate is transversal, the H gate can also be implemented in a bitwise fashion but, because stabilizers are rotated by
this action, it is followed up by a physical π/2-rotation accommodated by relabeling or rewiring of gates. The Z1/2 gate can
be implemented using the circuit in Fig. (2(a)), provided one can prepare a logical ancilla in |±iL� = (|0L�± i |1L�)/

√
2. Since

the Z1/2 gate is not part of the EC routines, it is only needed at the highest level of concatenation. Furthermore, as it is the only
complex gate, it can be shown that by always using the same logical ancilla prepared in |0L�= 1/

√
2(|+iL�+ |−iL�) to activate the

circuit in Fig. (2(a)), then the entire quantum computation splits into two noninterfering paths (evolution by Ucomp and U∗
comp) and

the measurements of real, Hermitian operators at the end have the same expectation values as for evolution by Ucomp alone [17].
Alternatively one can use the distillation circuit in [3] at the highest level provided one can prepare it with an error rate below
p(i−anc) = 1/2. (III) X and Z basis measurements.- They are only required at the highest level of concatenation. Given their form,
measuring encoded logical operators can be achieved measuring only one row or column of the 9k ×9k encoding array.
Threshold calculation for Clifford operations.- We use the extended rectangle (exRec) method developed in [3] to compute the
threshold (see Supplementary Material for more details). An exRec of a gate is constructed by prepending and appending error
correction routines on the inputs and outputs. The exRec with the largest number of malignant pairs, i.e. the number of pairs of
faults which generate two or more errors in the data, will determine the threshold value. A quick inspection reveals that the largest
exRec is the one corresponding to the CNOT gate. Following [3], only at level k = 1 must one consider all elements: preparation
and gates (including waiting gates). At level k > 1, using contraction of exRecs, preparation locations can be omitted. This means
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Figure 2. Measurement-free QEC routines for the QR and BS codes. The inputs
are |�0(k)� = |000�⊗3k−1

and |�+(k)� = | + ++�⊗3k−1
. (a) TheM-gate. An X-encoded

majority voting gadget of (k + 1)-level of concatenation. Here all CNOTs are
bitwise, i.e. each CNOT depicted corresponds to three CNOT(k), and subscript
R corresponds to a cyclic k-encoded rotation of the targets of the corresponding
gate. In the QR code, the TOFFOLI gate depicted is bitwise. The M-gate can
also be designed for a Z -encoded quantum majority voting, with |�+(k)� ancillas
and the obvious Hadamard conjugation of gates. When the need to distinguish
them arises, we shall denote X and Z encoded majority votings by M(X) and
M(Z), respectively. (b) A subroutine acting on ancillas for processing error
syndrome information extracted from the data. The circuit shows one row,
(VN )i(k), of the fully contracted exRec VN (k) representing a collection of
k-level protected gates acting on row i of ancillas which take part in an EC(k + 1)
step. Note that in this circuit the output top lines are discarded, so no EC
gadget must protect them. With this, the exRec corresponding to N at degree
of concatenation k is N (k) = EC(k) ×

�
i∈rows(VN )i(k − 1) × EC(k). In our

circuits, �G(k)� denotes the implementation of gate G, in terms of (k − 1)-level
gates, without the prepending or appending EC(k). (c) Full EC gadget for the BS
code. The orange and pink boxes represent the syndrome extraction stage. Here,
a TOFFOLI with � controls is a Z -TOFFOLI; CX =

�3
i, j=1 CNOT(k)

(c,i, j),(t,i, j)

is a set of transversal CNOTs, CX(±)
PR

=
�3

i, j=1 CNOT(k)
(c,i, j),(t,i, j±1) and CXPC

(±) =
�3

i, j=1 CNOT(k)
(c,i, j±1),(t,i, j). The control of the gates in boxes is always the top

input of the gate. The W gate is a wait (identity) gate, and the last gate on the
upper and the lower half is a transversal bTOFFOLI.
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votings M (X) and M (Z) respectively. (b) A subroutine acting on ancilla for processing error syndrome information extracted from the data.
The circuit shows one row, (V N )i(k), of the fully contracted exRec V N (k) = �N (k+1)� representing a collection of k-level protected gates
acting on row i of ancilla which take part in an EC(k+1) step. Note that in this circuit the output top lines are discarded so no EC gadget must
protect them. With this, the exRec corresponding to N at degree of concatenation k is N (k) = EC(k)×∏i∈rows(V N )i(k− 1)×EC(k). In
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by (i) starting with a 3× 3 array of |0�, and (ii) executing a M (Z) in every row. (II) Clifford group generators: CNOT,H,Z1/2:
The CNOT gate is transversal, the H gate can also be implemented in a bitwise fashion but, because stabilizers are rotated by
this action, it is followed up by a physical π/2-rotation accommodated by relabeling or rewiring of gates. The Z1/2 gate can
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circuit in Fig. (2(a)), then the entire quantum computation splits into two noninterfering paths (evolution by Ucomp and U∗
comp) and

the measurements of real, Hermitian operators at the end have the same expectation values as for evolution by Ucomp alone [17].
Alternatively one can use the distillation circuit in [3] at the highest level provided one can prepare it with an error rate below
p(i−anc) = 1/2. (III) X and Z basis measurements.- They are only required at the highest level of concatenation. Given their form,
measuring encoded logical operators can be achieved measuring only one row or column of the 9k ×9k encoding array.
Threshold calculation for Clifford operations.- We use the extended rectangle (exRec) method developed in [3] to compute the
threshold (see Supplementary Material for more details). An exRec of a gate is constructed by prepending and appending error
correction routines on the inputs and outputs. The exRec with the largest number of malignant pairs, i.e. the number of pairs of
faults which generate two or more errors in the data, will determine the threshold value. A quick inspection reveals that the largest
exRec is the one corresponding to the CNOT gate. Following [3], only at level k = 1 must one consider all elements: preparation
and gates (including waiting gates). At level k > 1, using contraction of exRecs, preparation locations can be omitted. This means
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bitwise, i.e. each CNOT depicted corresponds to three CNOT(k), and subscript
R corresponds to a cyclic k-encoded rotation of the targets of the corresponding
gate. In the QR code, the TOFFOLI gate depicted is bitwise. The M-gate can
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and the obvious Hadamard conjugation of gates. When the need to distinguish
them arises, we shall denote X and Z encoded majority votings by M(X) and
M(Z), respectively. (b) A subroutine acting on ancillas for processing error
syndrome information extracted from the data. The circuit shows one row,
(VN )i(k), of the fully contracted exRec VN (k) representing a collection of
k-level protected gates acting on row i of ancillas which take part in an EC(k + 1)
step. Note that in this circuit the output top lines are discarded, so no EC
gadget must protect them. With this, the exRec corresponding to N at degree
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circuits, �G(k)� denotes the implementation of gate G, in terms of (k − 1)-level
gates, without the prepending or appending EC(k). (c) Full EC gadget for the BS
code. The orange and pink boxes represent the syndrome extraction stage. Here,
a TOFFOLI with � controls is a Z -TOFFOLI; CX =
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by (i) starting with a 3× 3 array of |0�, and (ii) executing a M (Z) in every row. (II) Clifford group generators: CNOT,H,Z1/2:
The CNOT gate is transversal, the H gate can also be implemented in a bitwise fashion but, because stabilizers are rotated by
this action, it is followed up by a physical π/2-rotation accommodated by relabeling or rewiring of gates. The Z1/2 gate can
be implemented using the circuit in Fig. (2(a)), provided one can prepare a logical ancilla in |±iL� = (|0L�± i |1L�)/
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2. Since
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circuit in Fig. (2(a)), then the entire quantum computation splits into two noninterfering paths (evolution by Ucomp and U∗
comp) and

the measurements of real, Hermitian operators at the end have the same expectation values as for evolution by Ucomp alone [17].
Alternatively one can use the distillation circuit in [3] at the highest level provided one can prepare it with an error rate below
p(i−anc) = 1/2. (III) X and Z basis measurements.- They are only required at the highest level of concatenation. Given their form,
measuring encoded logical operators can be achieved measuring only one row or column of the 9k ×9k encoding array.
Threshold calculation for Clifford operations.- We use the extended rectangle (exRec) method developed in [3] to compute the
threshold (see Supplementary Material for more details). An exRec of a gate is constructed by prepending and appending error
correction routines on the inputs and outputs. The exRec with the largest number of malignant pairs, i.e. the number of pairs of
faults which generate two or more errors in the data, will determine the threshold value. A quick inspection reveals that the largest
exRec is the one corresponding to the CNOT gate. Following [3], only at level k = 1 must one consider all elements: preparation
and gates (including waiting gates). At level k > 1, using contraction of exRecs, preparation locations can be omitted. This means
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Protocol*:  many badly prepared physical states to one good logical state
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and column c of the logical qubit. The (X) or (Z) version of
the gate is chosen depending on the correction subroutine
in which it is being used; e.g., to correct X errors [as in the
lower part of Fig. 1(c)], we use N !X". TheN !X"!N !Z"" is
a Z!X" decoder, where one keeps only the convenient
protection while completely unprotecting against the other
type of errors. Moreover, after the X syndrome extraction
stage, the corresponding ancilla does not need protection
against Z error, so only the lower stage (ECX) of EC must
be used. This greatly reduces the overall execution time for
encoded gates acting on those ancillas. We found that, due
to this property, the subroutine !VN "i!k" not only takes
less time, in terms of execution time of level-(k# 1) gates,
but it can be shown to fail with a probability smaller than a
CNOT!k", for k > 1. For k $ 1 EC gadgets, there is no need
to use N since N !0" $ Id. We detail this in the supple-
mentary material [15].

We are now ready to describe the remaining elements of
our BS code fault-tolerant scheme. First, we describe the
elements needed to fault-tolerantly simulate any circuit
based solely on Clifford operations. (I) Preparation of
j0Li and j%Li states.—By (i) starting with a 3& 3 array
of j%i and (ii) applying a M!X" in every column, we can
prepare a j%Li. Similarly, j0Li is obtained by (i) starting
with a 3& 3 array of j0i and (ii) executing aM!Z" in every
row. (II) Clifford group generators: CNOT, H, and Z1=2.—
The CNOT andH gates are transversal, i.e., bitwise, modulo
physical rotations of the array. The Z1=2 gate can be im-
plemented by using the circuit in Fig. 2(a), provided one
can either (a) prepare a logical ancilla j'iLi $ !j0Li'
ij1Li"=

!!!
2

p
with an error rate below p!i-anc" $ 1=2 [3], or

(b) since this gate is not part of the EC routine [15,17],
always use the same j0Li $ 1=

!!!
2

p
!j%iLi% j#iLi" ancilla

whenever one executes the gate. (III) X and Z basis mea-
surements.—They are required only at the highest level of
concatenation. Given their form, measuring encoded logi-
cal operators can be achieved by measuring only one row
or column of the 3k & 3k encoding array.

Threshold calculation for Clifford operations.—We use
the extended rectangle (exRec) method developed in
Ref. [3] to compute the threshold (see [15] for details).
An exRec of a gate is constructed by prepending and
appending error correction routines on the inputs and out-
puts. The exRec with the largest number of malignant
pairs, i.e., the number of pairs of faults which generate

two or more errors in the data, will determine the threshold
value. A quick inspection reveals that the largest exRec is
the one corresponding to the CNOT gate. Following Ref. [3],
only at level k $ 1 must one consider all elements: prepa-
ration and gates (including waiting gates). At level k > 1,
by using contraction of exRecs, preparation locations can
be omitted. This means that one has to solve the recursion
relationships for the error p!j" at level j:

p!1" ( A0
!k$1"!p!0""2; p!k" ( A0

!k>1"!p!k#1""2 !k> 1";

where A0
!k" $

A!k"
2 f1%

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
1% )4B=!A!k""2*

q
g, B denotes all

possible three-site errors, and A!k" denotes the number of
malignant pairs in the largest exRec of that level. This
process can be repeated for four-site errors, etc., to get an
even tighter bound [3]. Executing this algorithm with our
largest exRec, the CNOT, we obtain a threshold value, for
preparation and gates, p!p;g"thresh $ 3:76& 10#5. This
value is not a bound for measurement error rates since
they are not needed during the QEC process and are
required only at the highest level of concatenation. So it

follows that p!k%1"
!m" ( 3!p!k"

!m""2 %O!p!k"". If preparation

and gate error rates are below threshold, then for k large
enough p!k" is vanishingly small and the terms O!p!k"" can
be neglected. Then the threshold condition for X and Z
measurements is p!m"thresh $ 1=3.
Encoded non-Clifford operations.—The missing

component to achieve universality is the fault-tolerant
execution of a non-Clifford gate. Using the circuit in
Fig. 2(b), we translate the problem into preparing the
jHLi ancilla. To create an ancilla at the highest level we
will use an encoder circuit. To encode an arbitrary state we
use the following algorithm: (i) We start with the level-0
state j!i we want to encode and 8 j0i states, and then
(ii) we use CNOT gates, including waiting times such that
never in one step does one qubit interact with more than

one qubit, to create the state j ~!i3&3 $ aj~0i3&3 % bj~1i3&3.
Finally, (iii) we execute aM!Z" gate in every row, to create
the state j!Li $ aj0Li% bj1Li. We can recursively use the
same algorithm to create the state at any level of concat-
enation k. Repeating this process recursively yields an
error rate for the encoding at the highest level of concat-

enation k $ L: p!L"
anc ( 10p!0" % 108

PL#1
j$0 p!j". Clearly,

p!L"
!anc" cannot be made arbitrarily small; however, provided

p!0"
!g" ( pthresh, it can be made small enough to give p!L"

!anc" (
sin2"=8, and then one can use magic state distillation to
achieve FTUQC [13].
Additionally, we promised that preparation errors can in

fact be much higher than gate error rates. The argument
proceeds by using a variant of the algorithmic cooling
algorithm introduced in Ref. [18]. For a group of three
qubits (a, b, and c) with identical probabilities p!p" $
"!0" < 1=2, to be in the erroneous state j1i, we apply
TOFFOLI)!c;b";a*CNOT!a;c"CNOT!a;b". The reduced state of qu-

FIG. 2. These circuits need to be implemented only at the
highest level of concatenation, and thus all operations depicted
are encoded operations. (a) Circuit used to execute an encoded
Z1=2 Clifford gate on an arbitrary input j!Li [17]. (b) Circuit
implementing the non-Clifford operation Z1=4 given the encoded
resource magic state jHLi.
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Wemayrepeatthesamecalculationbyusingtherecursionequations(5.19)andalso
9

D=48.

9Adecodingcircuitcaneasilybeconstructedsimilartothatinfigure5.20:Weconnectwithcnotgatesallqubits
inthefirstfourrowstothequbitsinthefifthrow(4×5=20gates)and,then,weconnectwithcnotgatesthe
lastqubitinthefifthrowtoeveryotherqubitinthesamerow(another4gates).Finally,weadd24single-qubit
measurements.
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and column c of the logical qubit. The (X) or (Z) version of
the gate is chosen depending on the correction subroutine
in which it is being used; e.g., to correct X errors [as in the
lower part of Fig. 1(c)], we use N !X". TheN !X"!N !Z"" is
a Z!X" decoder, where one keeps only the convenient
protection while completely unprotecting against the other
type of errors. Moreover, after the X syndrome extraction
stage, the corresponding ancilla does not need protection
against Z error, so only the lower stage (ECX) of EC must
be used. This greatly reduces the overall execution time for
encoded gates acting on those ancillas. We found that, due
to this property, the subroutine !VN "i!k" not only takes
less time, in terms of execution time of level-(k# 1) gates,
but it can be shown to fail with a probability smaller than a
CNOT!k", for k > 1. For k $ 1 EC gadgets, there is no need
to use N since N !0" $ Id. We detail this in the supple-
mentary material [15].

We are now ready to describe the remaining elements of
our BS code fault-tolerant scheme. First, we describe the
elements needed to fault-tolerantly simulate any circuit
based solely on Clifford operations. (I) Preparation of
j0Li and j%Li states.—By (i) starting with a 3& 3 array
of j%i and (ii) applying a M!X" in every column, we can
prepare a j%Li. Similarly, j0Li is obtained by (i) starting
with a 3& 3 array of j0i and (ii) executing aM!Z" in every
row. (II) Clifford group generators: CNOT, H, and Z1=2.—
The CNOT andH gates are transversal, i.e., bitwise, modulo
physical rotations of the array. The Z1=2 gate can be im-
plemented by using the circuit in Fig. 2(a), provided one
can either (a) prepare a logical ancilla j'iLi $ !j0Li'
ij1Li"=

!!!
2

p
with an error rate below p!i-anc" $ 1=2 [3], or

(b) since this gate is not part of the EC routine [15,17],
always use the same j0Li $ 1=

!!!
2

p
!j%iLi% j#iLi" ancilla

whenever one executes the gate. (III) X and Z basis mea-
surements.—They are required only at the highest level of
concatenation. Given their form, measuring encoded logi-
cal operators can be achieved by measuring only one row
or column of the 3k & 3k encoding array.

Threshold calculation for Clifford operations.—We use
the extended rectangle (exRec) method developed in
Ref. [3] to compute the threshold (see [15] for details).
An exRec of a gate is constructed by prepending and
appending error correction routines on the inputs and out-
puts. The exRec with the largest number of malignant
pairs, i.e., the number of pairs of faults which generate

two or more errors in the data, will determine the threshold
value. A quick inspection reveals that the largest exRec is
the one corresponding to the CNOT gate. Following Ref. [3],
only at level k $ 1 must one consider all elements: prepa-
ration and gates (including waiting gates). At level k > 1,
by using contraction of exRecs, preparation locations can
be omitted. This means that one has to solve the recursion
relationships for the error p!j" at level j:

p!1" ( A0
!k$1"!p!0""2; p!k" ( A0

!k>1"!p!k#1""2 !k> 1";

where A0
!k" $

A!k"
2 f1%

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
1% )4B=!A!k""2*

q
g, B denotes all

possible three-site errors, and A!k" denotes the number of
malignant pairs in the largest exRec of that level. This
process can be repeated for four-site errors, etc., to get an
even tighter bound [3]. Executing this algorithm with our
largest exRec, the CNOT, we obtain a threshold value, for
preparation and gates, p!p;g"thresh $ 3:76& 10#5. This
value is not a bound for measurement error rates since
they are not needed during the QEC process and are
required only at the highest level of concatenation. So it

follows that p!k%1"
!m" ( 3!p!k"

!m""2 %O!p!k"". If preparation

and gate error rates are below threshold, then for k large
enough p!k" is vanishingly small and the terms O!p!k"" can
be neglected. Then the threshold condition for X and Z
measurements is p!m"thresh $ 1=3.
Encoded non-Clifford operations.—The missing

component to achieve universality is the fault-tolerant
execution of a non-Clifford gate. Using the circuit in
Fig. 2(b), we translate the problem into preparing the
jHLi ancilla. To create an ancilla at the highest level we
will use an encoder circuit. To encode an arbitrary state we
use the following algorithm: (i) We start with the level-0
state j!i we want to encode and 8 j0i states, and then
(ii) we use CNOT gates, including waiting times such that
never in one step does one qubit interact with more than

one qubit, to create the state j ~!i3&3 $ aj~0i3&3 % bj~1i3&3.
Finally, (iii) we execute aM!Z" gate in every row, to create
the state j!Li $ aj0Li% bj1Li. We can recursively use the
same algorithm to create the state at any level of concat-
enation k. Repeating this process recursively yields an
error rate for the encoding at the highest level of concat-

enation k $ L: p!L"
anc ( 10p!0" % 108

PL#1
j$0 p!j". Clearly,

p!L"
!anc" cannot be made arbitrarily small; however, provided

p!0"
!g" ( pthresh, it can be made small enough to give p!L"

!anc" (
sin2"=8, and then one can use magic state distillation to
achieve FTUQC [13].
Additionally, we promised that preparation errors can in

fact be much higher than gate error rates. The argument
proceeds by using a variant of the algorithmic cooling
algorithm introduced in Ref. [18]. For a group of three
qubits (a, b, and c) with identical probabilities p!p" $
"!0" < 1=2, to be in the erroneous state j1i, we apply
TOFFOLI)!c;b";a*CNOT!a;c"CNOT!a;b". The reduced state of qu-

FIG. 2. These circuits need to be implemented only at the
highest level of concatenation, and thus all operations depicted
are encoded operations. (a) Circuit used to execute an encoded
Z1=2 Clifford gate on an arbitrary input j!Li [17]. (b) Circuit
implementing the non-Clifford operation Z1=4 given the encoded
resource magic state jHLi.
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and column c of the logical qubit. The (X) or (Z) version of
the gate is chosen depending on the correction subroutine
in which it is being used; e.g., to correct X errors [as in the
lower part of Fig. 1(c)], we use N !X". TheN !X"!N !Z"" is
a Z!X" decoder, where one keeps only the convenient
protection while completely unprotecting against the other
type of errors. Moreover, after the X syndrome extraction
stage, the corresponding ancilla does not need protection
against Z error, so only the lower stage (ECX) of EC must
be used. This greatly reduces the overall execution time for
encoded gates acting on those ancillas. We found that, due
to this property, the subroutine !VN "i!k" not only takes
less time, in terms of execution time of level-(k# 1) gates,
but it can be shown to fail with a probability smaller than a
CNOT!k", for k > 1. For k $ 1 EC gadgets, there is no need
to use N since N !0" $ Id. We detail this in the supple-
mentary material [15].

We are now ready to describe the remaining elements of
our BS code fault-tolerant scheme. First, we describe the
elements needed to fault-tolerantly simulate any circuit
based solely on Clifford operations. (I) Preparation of
j0Li and j%Li states.—By (i) starting with a 3& 3 array
of j%i and (ii) applying a M!X" in every column, we can
prepare a j%Li. Similarly, j0Li is obtained by (i) starting
with a 3& 3 array of j0i and (ii) executing aM!Z" in every
row. (II) Clifford group generators: CNOT, H, and Z1=2.—
The CNOT andH gates are transversal, i.e., bitwise, modulo
physical rotations of the array. The Z1=2 gate can be im-
plemented by using the circuit in Fig. 2(a), provided one
can either (a) prepare a logical ancilla j'iLi $ !j0Li'
ij1Li"=

!!!
2

p
with an error rate below p!i-anc" $ 1=2 [3], or

(b) since this gate is not part of the EC routine [15,17],
always use the same j0Li $ 1=

!!!
2

p
!j%iLi% j#iLi" ancilla

whenever one executes the gate. (III) X and Z basis mea-
surements.—They are required only at the highest level of
concatenation. Given their form, measuring encoded logi-
cal operators can be achieved by measuring only one row
or column of the 3k & 3k encoding array.

Threshold calculation for Clifford operations.—We use
the extended rectangle (exRec) method developed in
Ref. [3] to compute the threshold (see [15] for details).
An exRec of a gate is constructed by prepending and
appending error correction routines on the inputs and out-
puts. The exRec with the largest number of malignant
pairs, i.e., the number of pairs of faults which generate

two or more errors in the data, will determine the threshold
value. A quick inspection reveals that the largest exRec is
the one corresponding to the CNOT gate. Following Ref. [3],
only at level k $ 1 must one consider all elements: prepa-
ration and gates (including waiting gates). At level k > 1,
by using contraction of exRecs, preparation locations can
be omitted. This means that one has to solve the recursion
relationships for the error p!j" at level j:

p!1" ( A0
!k$1"!p!0""2; p!k" ( A0

!k>1"!p!k#1""2 !k> 1";

where A0
!k" $

A!k"
2 f1%

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
1% )4B=!A!k""2*

q
g, B denotes all

possible three-site errors, and A!k" denotes the number of
malignant pairs in the largest exRec of that level. This
process can be repeated for four-site errors, etc., to get an
even tighter bound [3]. Executing this algorithm with our
largest exRec, the CNOT, we obtain a threshold value, for
preparation and gates, p!p;g"thresh $ 3:76& 10#5. This
value is not a bound for measurement error rates since
they are not needed during the QEC process and are
required only at the highest level of concatenation. So it

follows that p!k%1"
!m" ( 3!p!k"

!m""2 %O!p!k"". If preparation

and gate error rates are below threshold, then for k large
enough p!k" is vanishingly small and the terms O!p!k"" can
be neglected. Then the threshold condition for X and Z
measurements is p!m"thresh $ 1=3.
Encoded non-Clifford operations.—The missing

component to achieve universality is the fault-tolerant
execution of a non-Clifford gate. Using the circuit in
Fig. 2(b), we translate the problem into preparing the
jHLi ancilla. To create an ancilla at the highest level we
will use an encoder circuit. To encode an arbitrary state we
use the following algorithm: (i) We start with the level-0
state j!i we want to encode and 8 j0i states, and then
(ii) we use CNOT gates, including waiting times such that
never in one step does one qubit interact with more than

one qubit, to create the state j ~!i3&3 $ aj~0i3&3 % bj~1i3&3.
Finally, (iii) we execute aM!Z" gate in every row, to create
the state j!Li $ aj0Li% bj1Li. We can recursively use the
same algorithm to create the state at any level of concat-
enation k. Repeating this process recursively yields an
error rate for the encoding at the highest level of concat-

enation k $ L: p!L"
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sin2"=8, and then one can use magic state distillation to
achieve FTUQC [13].
Additionally, we promised that preparation errors can in

fact be much higher than gate error rates. The argument
proceeds by using a variant of the algorithmic cooling
algorithm introduced in Ref. [18]. For a group of three
qubits (a, b, and c) with identical probabilities p!p" $
"!0" < 1=2, to be in the erroneous state j1i, we apply
TOFFOLI)!c;b";a*CNOT!a;c"CNOT!a;b". The reduced state of qu-

FIG. 2. These circuits need to be implemented only at the
highest level of concatenation, and thus all operations depicted
are encoded operations. (a) Circuit used to execute an encoded
Z1=2 Clifford gate on an arbitrary input j!Li [17]. (b) Circuit
implementing the non-Clifford operation Z1=4 given the encoded
resource magic state jHLi.
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and column c of the logical qubit. The (X) or (Z) version of
the gate is chosen depending on the correction subroutine
in which it is being used; e.g., to correct X errors [as in the
lower part of Fig. 1(c)], we use N !X". TheN !X"!N !Z"" is
a Z!X" decoder, where one keeps only the convenient
protection while completely unprotecting against the other
type of errors. Moreover, after the X syndrome extraction
stage, the corresponding ancilla does not need protection
against Z error, so only the lower stage (ECX) of EC must
be used. This greatly reduces the overall execution time for
encoded gates acting on those ancillas. We found that, due
to this property, the subroutine !VN "i!k" not only takes
less time, in terms of execution time of level-(k# 1) gates,
but it can be shown to fail with a probability smaller than a
CNOT!k", for k > 1. For k $ 1 EC gadgets, there is no need
to use N since N !0" $ Id. We detail this in the supple-
mentary material [15].

We are now ready to describe the remaining elements of
our BS code fault-tolerant scheme. First, we describe the
elements needed to fault-tolerantly simulate any circuit
based solely on Clifford operations. (I) Preparation of
j0Li and j%Li states.—By (i) starting with a 3& 3 array
of j%i and (ii) applying a M!X" in every column, we can
prepare a j%Li. Similarly, j0Li is obtained by (i) starting
with a 3& 3 array of j0i and (ii) executing aM!Z" in every
row. (II) Clifford group generators: CNOT, H, and Z1=2.—
The CNOT andH gates are transversal, i.e., bitwise, modulo
physical rotations of the array. The Z1=2 gate can be im-
plemented by using the circuit in Fig. 2(a), provided one
can either (a) prepare a logical ancilla j'iLi $ !j0Li'
ij1Li"=

!!!
2

p
with an error rate below p!i-anc" $ 1=2 [3], or

(b) since this gate is not part of the EC routine [15,17],
always use the same j0Li $ 1=

!!!
2

p
!j%iLi% j#iLi" ancilla

whenever one executes the gate. (III) X and Z basis mea-
surements.—They are required only at the highest level of
concatenation. Given their form, measuring encoded logi-
cal operators can be achieved by measuring only one row
or column of the 3k & 3k encoding array.

Threshold calculation for Clifford operations.—We use
the extended rectangle (exRec) method developed in
Ref. [3] to compute the threshold (see [15] for details).
An exRec of a gate is constructed by prepending and
appending error correction routines on the inputs and out-
puts. The exRec with the largest number of malignant
pairs, i.e., the number of pairs of faults which generate

two or more errors in the data, will determine the threshold
value. A quick inspection reveals that the largest exRec is
the one corresponding to the CNOT gate. Following Ref. [3],
only at level k $ 1 must one consider all elements: prepa-
ration and gates (including waiting gates). At level k > 1,
by using contraction of exRecs, preparation locations can
be omitted. This means that one has to solve the recursion
relationships for the error p!j" at level j:

p!1" ( A0
!k$1"!p!0""2; p!k" ( A0

!k>1"!p!k#1""2 !k> 1";

where A0
!k" $

A!k"
2 f1%

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
1% )4B=!A!k""2*

q
g, B denotes all

possible three-site errors, and A!k" denotes the number of
malignant pairs in the largest exRec of that level. This
process can be repeated for four-site errors, etc., to get an
even tighter bound [3]. Executing this algorithm with our
largest exRec, the CNOT, we obtain a threshold value, for
preparation and gates, p!p;g"thresh $ 3:76& 10#5. This
value is not a bound for measurement error rates since
they are not needed during the QEC process and are
required only at the highest level of concatenation. So it

follows that p!k%1"
!m" ( 3!p!k"

!m""2 %O!p!k"". If preparation

and gate error rates are below threshold, then for k large
enough p!k" is vanishingly small and the terms O!p!k"" can
be neglected. Then the threshold condition for X and Z
measurements is p!m"thresh $ 1=3.
Encoded non-Clifford operations.—The missing

component to achieve universality is the fault-tolerant
execution of a non-Clifford gate. Using the circuit in
Fig. 2(b), we translate the problem into preparing the
jHLi ancilla. To create an ancilla at the highest level we
will use an encoder circuit. To encode an arbitrary state we
use the following algorithm: (i) We start with the level-0
state j!i we want to encode and 8 j0i states, and then
(ii) we use CNOT gates, including waiting times such that
never in one step does one qubit interact with more than

one qubit, to create the state j ~!i3&3 $ aj~0i3&3 % bj~1i3&3.
Finally, (iii) we execute aM!Z" gate in every row, to create
the state j!Li $ aj0Li% bj1Li. We can recursively use the
same algorithm to create the state at any level of concat-
enation k. Repeating this process recursively yields an
error rate for the encoding at the highest level of concat-

enation k $ L: p!L"
anc ( 10p!0" % 108

PL#1
j$0 p!j". Clearly,

p!L"
!anc" cannot be made arbitrarily small; however, provided

p!0"
!g" ( pthresh, it can be made small enough to give p!L"

!anc" (
sin2"=8, and then one can use magic state distillation to
achieve FTUQC [13].
Additionally, we promised that preparation errors can in

fact be much higher than gate error rates. The argument
proceeds by using a variant of the algorithmic cooling
algorithm introduced in Ref. [18]. For a group of three
qubits (a, b, and c) with identical probabilities p!p" $
"!0" < 1=2, to be in the erroneous state j1i, we apply
TOFFOLI)!c;b";a*CNOT!a;c"CNOT!a;b". The reduced state of qu-

FIG. 2. These circuits need to be implemented only at the
highest level of concatenation, and thus all operations depicted
are encoded operations. (a) Circuit used to execute an encoded
Z1=2 Clifford gate on an arbitrary input j!Li [17]. (b) Circuit
implementing the non-Clifford operation Z1=4 given the encoded
resource magic state jHLi.
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* S. Bravyi and A. Kitaev, Phys Rev A 71, 022316 (2005)
* B. Reichardt, Quant. Inf. Comp. 9, 1030 (2009).
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|φL� • Z
1/2
L

XL ∝ Z
1/4 |φL�

|HL� �������� �� ���� ��ZL •

FIG. 6: Circuit implementing a Z1/4 operation on an arbitrary state
|φL�, given the encoded resource magic state |H�. This circuit must
only be implemented at the highest level of concatenation, and thus
all operations depicted are encoded operations.

of a state at some level k of concatenation is given by

p(k)
anc ≤ (4+ f (S))p(k) +D

k−1

∑
j=0

�
p( j) +up( j)

�
+2p+2pm

= C +2pm, (9)

where u = 63, and D = 8 is given by the specific decoder
circuit D . Here f (S) counts the number of level-k wait-
ing operations needed while the ancillas are being measured.
Each level-k EC gadget takes 8 level-k−1 gate times so each
level-k waiting operation takes time tg×∑k−1

j=0 8 j+1 and hence
f (S) � S/8k. If S < 8k one can still consider one level-k wait-
ing gate and bear in mind that the result of a measurement,
being classical information, can be assumed to be stored per-
fectly within our computation time scale. This is a modified
expression to the one in Ref. [7] because we have considered
that (i) single measurement errors won’t generate an error in
data, in fact they are not required to decode, thus D = 16−8,
and (ii) we have accounted for the contribution of single level
k−2 errors appearing in every k−1 level CNOT, thus includ-
ing the term proportional to u. We see that the measurement
physical error rate, pm, only appears in one term with a fairly
small coefficient. So if we assume that error rates for prepa-
ration and gates are below threshold then for large enough
k = L, p(k) is vanishingly small and (D + u)∑k−1

j=0(p( j))+ 2p
is bounded. Although a formal bound can be computed, we
are interested in a qualitative analysis with a fixed and real-
istic degree of concatenation. Lets say we have a physical
system where p(0) < pthresh, then as we use more levels of
concatenation, two things will happen: (i) p(L) will rapidly
decrease and (ii) the contribution of C in (9) will reach its
bound. For example, for p(0) = 1× 10−5 and f (S) = 10, we
have p(4) ∼ 10−12 and C = 1.08× 10−3 reaching its bound,
i.e. a larger L only adds terms smaller than 10−6.

We can now use an encoded circuit composed of Clifford
operations only to perform magic state distillation (MSD) [4].
Assuming perfect Clifford operations at the highest level, i.e.
p(L)→ 0, MSD works if panc ≤ sin2 π/8 [10]. In our example
p(4) ∼ 10−12 → 0, which in turn implies

pm ≤
sin2 π/8−1.08×10−3

2
= 7.26%. (10)

Given the magic state, all operations to perform the distillation
and non-Clifford gate are encoded Clifford operations of the

highest level and this implies that a universal a universal fault-
tolerant quantum computer can be achieved if one has error
rates for preparation and gate execution below 2.89×10−5

and measurement error rates as high as 7%.
We emphasize that the threshold value for gates computed

here is by no means rigorous as we wanted to keep calcu-
lations simple. We have overcounted malignant pair of lo-
cations, and certainly the design of our circuit may not be
the optimal one in terms of error locations, thus in principle
the threshold can be improved. On the other hand, we have
considered a large library of physical gates including three
qubit interactions, instead of decomposing them into one and
two qubit gates which would lead to a worse threshold value.
However the fact remains that with the removal of measure-
ments from EC through the methods developed here, the level
of permissible measurement noise for FTUQC, once you are
below the gate threshold, is� 7%. The key observation is that
the largest contribution to C in Eq. 9 are the terms proportional
to p(0), so if our pthresh is smaller, then “being below thresh-
old” actually implies that the p(0) is also small. For example
if one had EC gadgets with 50 times more locations, for in-
stance to acomodate for leakage error correction gadgets and
nearest neighbor only interactions, although p(p,g)thresh would
be lower one still achieves pm � 7%. The key element of our
scheme is the replacement of measurements & feedback in the
QEC gadgets with coherent feedback, which overcomes the
problem that measurements are potentially noisier and slower
than gates in many physical systems.

Finally, we promised that preparation errors can in fact be
much higher than gate error rates. The argument proceeds
by using a variant of the algorithmic cooling algorithm intro-
duced in Ref. [20]. For a group of three qubits (a,b,c) with
identical probabilty pp = ε(0) < 1/2, to be in the erroneous
state |1�, we apply CSWAP(b,(a,c))CNOT (a,b), where b is
the control for the controlled swap operation which can be
built with three TOFFOLI gates. The reduced state of qubit a
is colder, i.e. has lower error (ε(1) < ε(0)). Concatenating the
process, by using 9 qubits to reduce to three colder qubits, and
using those three to achieve 1 colder qubit, etc., after j rounds
using a total of 3 j qubits, the final error of the one output qubit
satisfies the recursion relation ε( j) = (ε( j−1))2(3− 2ε( j−1)).
Including gate errors, the total error of this preparation pro-
cess is p( j)

p = ε( j) + 5( j + 1)3 j p(0)
g . In practice we need very

few rounds of algorithmic cooling; e.g. with physical gate er-
ror rates of pg = 1.4×10−6, just two rounds of cooling allow
physical preparation errors of pp = 1% to reach the fault tol-
erant threshold. For even smaller gate errors pg = 4.2×10−7,
after three rounds of cooling one can allow preparation errors
of pp ∼ 7%, the measurement threshold, beyond which no im-
provement is needed since measurement is preparation.

To summarise our results, we analysed a generic system
where gates are more accurately implementable than measure-
ments and preparation, i.e. pg � pm,p, and designed fault-
tolerant tools with this in mind. We found that fault-tolerant
Clifford operations could be achieved if pg,p < 2.89× 10−5,
while pm < 33%. To achieve universal fault tolerant quan-
tum computing we needed to use an injection circuit combined
with MSD, so we assumed that we were below the threshold

• * S. Bravyi and A. Kitaev, Phys Rev A 71, 022316 (2005)
• * B. Reichardt, Quant. Inf. Comp. 9, 1030 (2009).
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• Parameters AM , m, m̄ and β can be defined for the quantum repetition code and its error correcting gadget, the M gate.

because at this point we have to assume that the size of the circuits varies with every level of concatenation, then each parameter

will have a (k) denoting the level of concatenation it corresponds to.

Let us now proceed with the calculation. The number of malignant pairs in the CNOT (1), (V N )i(1), and N (1) exRecs are

then given by

ACNOT (1) ≤ (4AEC(1) +16u(1) +u(1)ū(1) +4uα(1) +18α(1) +36)

A(V N )i(1) ≤ (3AECX (1) +AM(1) +3uX(1)ūX(1) +66uX(1) +3uX(1)β(1) +33β(1) +363),

AbTOFF(1) = (2AEC(1) +2AM(1))+m(1)m̄(1) +2u(1)m̄(1) +u(1)α+2m(1)α+8u(1) +16m(1) +9α(1) +36

while a direct count gives the value for the malignant-error parameters {AEC(1) = 4182,u(1) = 63, ū(1) = 56,α(1) = 42,AECX (1) =

2031,uX(1) = 45, ūX(1) = 30,αX(1) = 20,AM(1) = 177,m(1) = 12, m̄(1) = 8,β(1) = 5,}. This yields p
(1)
(V N )i

= (11836)(p
(0))2 ≤

1

2
(33036)(p

(0))2 = 1

2
p
(1)
CNOT

and p
(1)
bTOFF

=(14784)(p
(0))2 ≤ 1

2
(33036)(p

(0))2 = 1

2
p
(1)
CNOT

. Now, for k = 2, we obtain the following

failure probabilities, using that bTOFFOLI(1) and (V N )i(1) fail with half the probability of a CNOT (1) gate.

ACNOT (k) = (4AEC(k) +16u(k) +u(k)ū(k) +4uα(k) +18α(k) +36)

A(V N )i(k) = (3AECX (k) +AM(k) +3uX(k)ūX(k) +72uX(k) +3uX(k)β(k) +36β(k) +432),

AbTOFF(k) = (2AEC(k) +2AM(k))+m(k)m̄(k) +2u(k)m̄(k) +u(k)α(k) +2m(k)α(k)

+8u(k) +16m(k) +9α(k) +36 (A7)

with corresponding parameter values {AEC(k>1) = 1953u(k>1) = 63, ū(k>1) = 56, α(k>1) = 33, AECX (k>1) = 1128, uX(k>1) =
45, ūX(k>1) = 30, αX(k>1) = 16, AM(k>1) = 105, m(k>1) = 12, m̄(k>1) = 8, β(k>1) = 4, }. A direct calculation shows again

p
(2)
(V N )i

< 1

2
p
(2)
CNOT

and p
(2)
bTOFF

< 1

2
p
(2)
CNOT

. From this point on, the structure of the level k error correction circuits, and thus the

corresponding malignant error parameter values, are the same of the level k = 2 circuits, so repeating the process for k = 3,4, ...,k
leads us to the conclusion that the CNOT exRec is in fact the largest exREC to be considered and the one which will determine

our threshold value.

EC • EC

EC �������� EC

(a)CNOT(k) exREC

EC �������� EC

M1 • M2

M3 • M4

(b)bTOFFOLI(k) exRec

ECX (k) W •

ECX (k) •

ECX (k) �X� �X� N (X)(k−1) M (X)(k−1)

(c)V N i(k) contracted exREC

FIG. 3: The largest exRecs to be considered. An EC gate corresponds to a BS QEC routine while a M gate corresponds to a QR QEC routine.

The circuit (3(c)) is executed in every row of the 3× 3 array. Because in the N exRec we are discarding the top-lines we do not require

output M gadgets appended to them. Moreover, at level k = 1 there is no need for the waiting (W) gate and both CNOTs can be executed

simultaneously.

2. Error analysis for the encoder circuit

The error analysis for the encoder circuit is as follows: to encode a level k state provided a level k−1 state, we have that step

(i) uses 8 CNOTS, 20 waiting gates, and 8 |0� preparations failing with probability p
(k−1)

and step (ii) can introduce unwanted

phases with a single error (note that this is not a problem in Clifford ancilla preparations e.g. |0� states.) thus we count all

locations in the M gates. A M (1) contributes with 27 level-0 locations, while a M (k), for k > 1, contribute with 24 level-(k-1)

locations. So we have

p
(L)
anc ≤ 10p

(0) +108

L−1

∑
j=0

p
( j), (A8)

which justifies our encoder circuit error analysis.

= 3.76× 10−5pth =
1�

A(k=1)A(k>1)
pp, pg < pth⇒

⇒

4

that one has to solve the recursion relationships for the error p( j)
at level j:

p(1) ≤ A�
(k=1)(p(0))2

; p(k) ≤ A�
(k>1)(p(k−1))2, for k > 1, (2)

where A�
(k) =

A(k)
2

�
1+

�
1+ 4B

(A(k))
2

�
, B denotes all possible three-site errors, and A(k) denotes the number of malignant pairs in

the largest exRec of that level. This process can be repeated for four site errors, etc. to get an even tighter bound [3]. Executing

this algorithm with our largest exRec, the CNOT, we obtain a threshold value, for preparation and gates, p(p,g)thresh = 3.76×10
−5

.

This value is not a bound for measurement error rates since they are not needed during the QEC process and are only required at

the highest level of concatenation. So it follows that

p(k+1)
(m) ≤ 3(p(k)(m))

2 +O(p(k)). (3)

If preparation and gate error rates are below threshold, then for k large enough p(k) is vanishingly small and the terms O(p(k))
can be neglected. Then the threshold condition for X and Z measurements is p(m)thresh = 1/3.

Encoded non-Clifford operations.- The missing component to achieve universality is the FT execution of a non-Clifford gate.

Using the circuit in Fig. (2(b)) we translate the problem into preparing the |HL� ancilla. To create an ancilla at the highest

level we will use an encoder circuit which will allow us to keep the p(m)thresh ≤ 1/3. To encode an arbitrary state we use

the following algorithm: (i) we start with the level-0 state |φ� we want to encode and 8 |0� states, then (ii) we use CNOT

gates, including waiting times such that never in one step does one qubit interact with more than one qubit, to create the state����φ
�

3×3

= a
����0
�

3×3

+b
����1
�

3×3

. Finally (iii) we execute a M
(Z)

gate in every row, to create the state |φL�= a |0L�+b |1L�. We can

recursively use the same algorithm to create the state at any level of concatenation k. Repeating this process recursively yields

an error rate for the encoding at the highest level of concatenation k = L, p(L)anc ≤ 10p(0) +108∑L−1

j=0
p( j)

. Clearly p(L)(anc) cannot be

|φL� • • Z±1/2
L |φL�

|±iL� �������� • |±iL�
(a)

|φL� • Z
1/2
L

∝ Z
1/4
L

|φL�

|HL� �������� �� ���� ��ZL •
(b)

FIG. 2: These circuits need only be implemented at the highest level of concatenation, and thus all operations depicted are encoded operations.

(a) Circuit used to execute an encoded Z1/2
Clifford gate on an arbitrary input |φL� [17] . (b) Circuit implementing the non-Clifford operation

Z1/4
given the encoded resource magic state |HL�.

made arbitrarily small, however, provided p(0)(g) ≤ pthresh, it can be made small enough to give p(L)(anc) ≤ sin
2 π/8, and then one can

use MSD to achieve FTUQC [8].

Additionally, we promised that preparation errors can in fact be much higher than gate error rates. The argument proceeds by

using a variant of the algorithmic cooling algorithm introduced in Ref. [18]. For a group of three qubits (a,b,c) with identical

probabilities p(p) = ε(0) < 1/2, to be in the erroneous state |1�, we apply TOFFOLI((c,b),a)CNOT(a,c)CNOT(a,b). The reduced

state of qubit a is colder, i.e. has lower error (ε(1) < ε(0)). Concatenating the process, after j rounds using a total of 3
j

qubits,

the final error of the one output qubit satisfies the recursion relation ε( j) = (ε( j−1))2(3−2ε( j−1)). Including gate errors, the total

error of this preparation process is p( j)
(p) ≤ ε( j) + 3

2
(3 j −1)p(0)(g).

We are now ready to combine our tools. If we are sensibly below threshold, say with p(g,p) = 0.75p(g,p)thresh = 2.82× 10
−5

,

then with p(m) = 33% we get p(6)(g) ∼ 10
−13

and p(6)anc = 8.32×10
−3

which is safely below the 14.6% needed for |HL� distillation

(and certainly below the 50% needed for the |+iL� distillation [3]). Thus FTUQC is achievable with noisy and currently

achievable measurement error rates, but with only a small impact to the threshold value as compared to the best known result

(1.26 × 10
−4

) for the same code allowing measurements [3]. One can go further and use algorithmic cooling to also push

preparation error rates within reach of current technology. We find that if one has physical preparation error rates of p(p) = 1%,

then two rounds of AC and physical gate error rates p(g) = 2.32× 10
−6

allow for FTUQC. Preparation rates as high as 1/3 can

also be allowed, at the cost of demanding a lower gate error rate. For p(p) ≥ 1/3, one can instead use noisy measurement since

measurement followed by a unitary is preparation.

pm <
1
3

X Z
9k−1 qubits

pg ≈ 10−6, pp ≈ 1% ⇒ pm ≈ 33%
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Semi-Global architecture
Use global pulses to control the computer

Measurements done only at one boundary
Planes ABAB addressability
Interplane CPHASE executed in alternate steps to ensure FT
Can push 3D to 2D via next-to-nearest neighbour couplings in 2D12

Figure 4. Schematic of the 2D architecture. All nearest-neighbor interactions are
required, but only next-to-nearest-neighbor interactions between odd qubits, i.e.
the equivalent of nearest-neighbor interactions between info-qubits, are required.
This ‘cross-free’ structure of the interactions would be beneficial, for instance,
in solid-state implementations since wires would not need to cross. Each line
can also be viewed as a 1D of two types of qubits (ABAB addressability), where
only AA, BB and AB nearest-neighbor interactions are required. Recall that in
the logical direction, we require ABAB addressability to ensure fault tolerance.

interactions. We essentially need to show that a SWAP gate between two qubits containing
data/information can be executed in a FT way, i.e. such that one gate error does not generate
more than one error in the data qubits.

To achieve an FT swap gate, we introduce placeholder qubits, that is, qubits that we require
specifically to physically move information around, but which hold no computationally valuable
information. To differentiate them from placeholder qubits, we shall label the qubits involved
in the computation, i.e. data plus ancilla qubits, by information-holding qubits, i.e. info-qubits.
Consider a 1D line of info-qubits, for example encoding a logical qubit, denoted by ρi , with
interspersed placeholder ancilla qubits, denoted by η j , in between every nearest-neighbor pair
of info-qubits (e.g. any horizontal line of figure 4). Using nearest-neighbor and next-to-nearest-
neighbor interactions, we can now SWAP two info-qubits containing relevant information (ρ
and ρ̄, respectively), in such a way that a single failure in a SWAP gate does not generate
two errors in the info-qubits, through the following routine, where the subscripts in ρ and

New Journal of Physics 13 (2011) 013011 (http://www.njp.org/)
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Figure 1. Schematic of the addressability requirements and qubit distribution of
our semi-global architecture. Vertical global pulses are capable of executing the
single-qubit (green) and two-qubit gates (red) described in the text. Computation
is achieved through the vertical nearest-neighbor-independent T̃ pulses, which
can be decomposed into two subroutines (black and brown T̃ pulses), in virtue
of the ABAB addressability, so as to ensure fault tolerance. The end-planes
(darker blue) are fully addressable independently of the bulk of the computer,
and must have extra space to accommodate an |HL� state encoded at the highest
level of concatenation in order to execute the non-Clifford encoded gates. All
planes contain enough qubits to hold an encoded qubit, the ancillas required
for its unitary quantum error correction (UQEC). We also require that every
plane has physical qubits that can be reset (simultaneously in all planes) to use
a resource for algorithmic cooling (simultaneous in all planes); note that the
resetting operation assumes no single plane addressability.

qubits in the array. We label an indexed array of 3D locations by the coordinates (x, y, z),
where each coordinate s ∈ [1, Ns], for s = {x, y, z}, and we label the addressable lines in
the 3D array by (x, y). The action of a single-qubit gate addressing the line (x, y) is given
by U(x,y) =

�
z U(x,y,z), whereas two-qubit gates between addresses (x, y) and (x �, y�) are

given by V((x,y),(x �,y�)) =
�

z V(x,y,z),(x �,y�,z), with the obvious generalization for multi-qubit gates.
Approaching measurements this way is not practical as it does not allow one to discriminate
individual qubit measurement results along z. We shall assume that all measurements are
carried out at the boundaries. In fact, we allow the possibility of executing any operation on
the z-boundaries, i.e. O(x,y,1) and O(x,y,N z) for any (x, y). The addressing limits described above
impose a constraint on the type of gates we can execute in the z-direction: for example, we
cannot directly execute a gate of the form V(x,y,z),(x,y,z�) (figure 1). We note that we allow long-
range interactions within every z-plane, but that one can restrict to nearest-neighbor gates with
a slight reduction of the FT threshold due to the introduction of intermediate SWAP gates.
We require the ability to execute nearest-neighbor CZ gates in the z-direction along (x, y)
columns. We will show that this limited addressability, where we can only address columns
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Placeholders to enable 1D 
SWAP is FT: does not breed 

more errors

3D 2D

• G. Paz-Silva, G.K. Brennen, J. Twamley, New J. Phys.  13, 013011 (2011) 
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Performance
Semi-global approach effectively reduces the number of control 
modes by a factor proportional to N, number of logical qubits

e.g. Shor’s algorithm:

Bit size of integer to 
factor # logical qubits

Improvement over 
addressable circuit 

without measurement

Improvement over 
addressable circuit 
with measurement

768 1540 86 84

2048 4100 2048 225

4096 8196 4096 451
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Summary and outlook
Semiglobal : Holographic QP design

non-Clifford/measurement on boundary planes (without non-Clifford get a FT Q wire)

Uses unitary recovery and reset in bulk

2D and 3D designs

Thresholds on par with measurement assisted schemes

Q: FT design which is more global?

Q: Might measurement free QEC be useful for adiabatic QC? Planar/
topological codes?  Better thresholds?

www.qscitech.info 
www.equs.org 
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