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with any desired accuracy
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Theorem proved...
what is left?
-what is the value of the threshold?
-what is the operational cost?
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-its requirements are a guide for experimentalists
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Ingredients for FTQEC
 Parallel operations
 Good quantum control
 Ability to extract entropy
 Knowledge of the noise
• No lost of qubits
• Independent or quasi independent errors
• Depolarising model
• Memory and gate errors
•...

Ingredients for FTQEC
 Parallel operations
 Good quantum control
 Ability to extract entropy
 Knowledge of the noise
• No lost of qubits
• Independent or quasi independent errors
• Depolarising model
• Memory and gate errors
•...
and lots of qubits...
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• # of qubits vs time
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Benchmarking gate
Usually we think of the circcuit model: Prepare a state, compute, measure
| 0

R→
n (θ)

M |0 |1

Other possibility is to use only generators of the Clifford group
(generated by Hadamard, Phase gate and CNOT), with state
preparation and measuremen in the computational basis:

| 0

e
e

−i π2 Y

−i π2 X

M |0 |1

and include the preparation of
1

1
|π/8i, or ρ = 1l + √ (X + Y + Z)
2
3

Benchmarking gates
Knill et. al. PRA, 77, 012307, (2008)

Benchmarking gates

Benchmarking gates

Technology
1 Qubit Gate Error
Single Trapped Ion
2.0(2) × 10−5
Liquid State NMR
1.3(1) × 10−4
Atoms in Optical Lattice
1.4(1) × 10−4
ESR
1.4(2) × 10−4
Trapped Ion Crystal
8((1) × 10−4
Single Trapped Ion
4.8(2) × 10−3
Solid State NMR
5(2) × 10−3
Superconducting Transmon
7(5) × 10−3
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N@C60 in CS2 is an ideal sample for single qubit benchmarking as the electron spin
0.6
is a well isolated qubit with extremely narrow linewidth and long relaxation times. The
ESR spectrum, shown as an inset in 4.2(a), has three lines separated by 15MHz due to the
0.4
isotropic hyperfine interaction with spin-1 14 N nucleus. All benchmarking experiments are
done using the centre line of the triplet, corresponding to the nuclear spin projection MI =
0.2
0. Given the small isotropic hyperfine coupling, simultaneous flips of electron and nuclear
spins are largely forbidden and the electron spin evolution may be treated individually for
each nuclear 0
spin manifold. It can be shown that the evolution of the electron spin in the
MI = 0 manifold is largely unaffected by the presence of the hyperfine coupling and can

Signal (arbitrary)

Fidelity

0.99

(a)

Figure 4.2: N@C60 production and relaxation times. Figure (a) shows the nitrogen-ion
0.95 of fullerene film which is continuously grown on a target by an effusion
bombardment
cell. (b) shows the T1 and T2 relaxation time of N@C60 dissolved in CS2 dependence on
temperature.
bombardment from a plasma discharge ion source and fullerene evaporation onto a target
under vacuum [4]. This procedure yields nitrogen
(b) capture rates of only around 10−4. The
mixture of N@C60 , empty fullerenes, and damaged fullerenes may then be dissolved in
toluene and purified by high performance liquid chromatography (HPLC) which is made
Benchmarking Simulated Echo
extremely challenging by the chemical similarity of N@C60 and C60 [30]. Once purified, the
1
N@C60 is dissolved in carbon di-sulfide (CS2 ) to an approximate concentration of 1015 /cm3 ,
where it has been shown to have extremely long relaxation timesAbsolute
of 80µs T2 , and 120µs
Imaginary
T1 at room0.8
temperature[38] (see 4.2(b)).

(a)
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f(x) = a*exp(b*x)
Coefficients (with 95% confidence bounds):
a=
0.9998 (0.9996, 1)
b = −0.0002517 (−0.0002545, −0.000249)
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Figure 4.4: Benchmarking reference simulation, with averaging steps shown individually.
The simulated parameters were 10ns and 20ns π/2 and π pulses, with no pulse spacing,
and a 4µs integration window. In (a), the results of all 640 simulations are plotted, 32
points per length. We see that the distribution very tight. In (b), each length has been
averaged over the 8 Pauli randomizations. At this stage, each randomized sequence can
be inspected for adverse error behaviour. In (c), each length has been further averaged
over the 4 different computational sequences, leaving one point per length. The fit gives a
depolarization parameter of 0.00025, for an average error per gate of 1.3×10−4 . (d) shows
a simulated echo from an individual pulse sequence of computational length 96. In the
simulation, the imaginary (red) signals are integrated.
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Benchmarking gates
Multi-qubit Comparison
Summary Table
System

Error/Fidelty

Reference

liquid-state NMR

0.0047

ion-trap (single)

99.3%

superconducting

91%

NV centre

89%

Linear Optics

90%

Neutral Atoms

73%

ESR

95%

NJP 11 013034
(2009)
Nat. Phys. 4 463
(2008)
Nature 460 240
(2009)
Science 320 1326
(2008)
PRL 93 080502
(2004)
arXiv:0907.5552
(2009)
Nature 455 1085
(2008)

A generalisation of the 1 qubit benchmarking can be found in E. Magesan, J. M. Gambetta, and J. Emerson, Phys. Rev. Lett. 106, 180504 (2011).

Characterising noise in q. systems
Process tomography:
X
X
†
ρf =
Ak ρiAk =
χklPk ρiPl
k

kl

For one quibt, 12 parameters are required as described by the
evolution of the Bloch sphere:

 f 
 i 
ρ11
χ11,11 χ11,X χ11,Y χ11,Z
ρ11
ρ f  χX,11 χX,X χX,Y χX,Z  ρi 
  Xi 
 Xf  = 
ρ   χY,11 χY,X χY,Y χY,Z  ρ 
Y
Y
f
χZ,11 χZ,X χZ,Y χZ,Z
ρiZ
ρZ

For n qubits, we need to provide 42n − 4n numbers to do so.

Coarse graining
• We are not interested
in all the elements that
describe the full noise
superopeartor but only a
coarse graining of them.
• If we are interested in
implementing quantum error corrrection, we can ask
what is the probability to
get one, or two, or k qubit
error, independent of the
location and independent
of the type of error σx,y,z .
The question is can we do
this efficiently?
• Coarse graining is equivalent to implement a symmetry.

Emerson, Silva, Moussa, Ryan, Laforest,
Baugh, Cory, Laflamme, Science 317, 1893,
2007

Coarse graining
1) we don’t want to know which qubit is affected, coarse
grain the position by symmetrising using permutation πs
2) turn the noise into a depolarizing one for each qubit,
coarse grain error type average over SU (2)⊗n
Z
X
ρf =
χkl dµ(U )U †Pk U ρiU †Pl†U
kl

This is an example of a 2-design, and the integral can be
replaced by a sum
X
X
†
† †
ρf =
χkl
CαPk CαρiCαPl Cα
kl

α

where Cα belongs to the Clifford
group
∼ πSP with
π
π
P = {1l, X, Y, Z}, S = {e−i 4 X , e−i 4 Y , e−i 4 Z }

Coarse graining
To estimate the noise, start with the state |000 . . . i, implement
the symmetrisation group and the Clifford group and count how
many bits have been flipped.

Λi
(n)
ρm
|000...>

πs

Ci

Λ

Ci†

πs†

out

σm,i,s
|010...>

Λi,s
If we implement all the elements in the Clifford and permutation group, we would have
an exponential number of terms , but the sum can be estimated by sampling and using
the Chernoff bound.

(see Emerson et al. Science 317, 1893, 2007)

Errors in Clifford gates
Adapt the idea for Clifford gates
Practical experimental certification of computational quantum gates via twirling O.
Moussa, M.P. da Silva, C.A. Ryan and R.
Laflamme

Errors in Clifford gates
Use malonic acid in solid state

One qubit can be benchmarked
using the Knill procedure:

and Clifford
gates using
the new
procedure
Note: the difference between b) and c)
is improving the pulse (“fixing”)
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QEC progress
Liquid state
Progress (2011)

Summary
1998:
T2 : H= 3s , C1 =1.1s, C2 =0.6s
DE: 0.85 − 1.10 t + O(t2 )
EC: 0.79 − 0.09 t + O(t2 )
2011:
T2 : H= 1.7s , C1 =1.18s, C2 =0.45s
DE: 0.99 − 0.436 t + O(t2 )
EC: 0.98 − 0.017 t + O(t2 )
Comparison:
Zeroth order improved by ∼ 20%
First order is reduced further, from 11 fold (91% removed) to 26 fold (> 96%
removed)

Superconducting qubits: 3 qubit cod
Realization of Three-Qubit Quantum Error Correction with Superconducting Circuits; M. D. Reed et al. arXiv:1109.4948

• Performed both the bit flip and phase flip error correction (in
separate experiments)
• Errors on all three qubits simultaneously with z-gates of known rotation angle, which is equivalent
to phase-flip errors with probability
p = sin2(θ/2).
• The process fidelity is fit with
f = 0.81 − 0.79p without QEC and
f = (0.76±0.005)(1.46±0.03)p2 +
(0.72 ± 0.03)p3 with QEC. If a linear term is allowed, its best-fit coefficient is (0.03 ± 0.06)p.
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environment represented by nearby spins, as well as unwanted evolution under the internal Hamiltonian.
We also experimentally demonstrate sufficiently high-fidelity control to implement two rounds of
quantum error correction. This is a demonstration of state-of-the-art control in solid state nuclear magnetic
resonance, a leading test bed for the implementation of quantum algorithms.
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We report the implementation of a 3-qubit quantum error-correction code on a quantum information
processor realized by the magnetic resonance of carbon nuclei in a single crystal of malonic acid. The
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correction stage, the error is identified by a simportant tool, critical to the repeated apple majority vote, and the system qubit is corThe computational potential of a quantum processor can only be unleashed if errors
of the QEC protocol, is the proper reset
rected accordingly. It should be noted that this
during a quantum computation can be controlled and corrected for. Quantum error
protocol maps the information in and out of the
correction works if imperfections of quantum gate operations and measurements are
cilla qubits, which is carried out with
protected state between QEC cycles. Each cycle
below a certain threshold and corrections can be applied repeatedly. We implement multiple
l-pumping technique (Fig. 1D). For the
is concluded by resetting the ancilla qubits while
quantum error correction cycles for phase-flip errors on qubits encoded with trapped ions.
preserving the information on the system qubit.
Errors are corrected by a quantum-feedback algorithm using high-fidelity gate operations
cedure, the population of the ancilla
The textbook implementation of a single cycle
and a reset technique for the auxiliary qubits. Up to three consecutive correction cycles are
state |0〉 is first transferred into the state
of this QEC procedure would consist of a circuit
realized, and the behavior of the algorithm for different noise environments is analyzed.
using four controlled-NOT (CNOT) and one con/2(mJ = +1/2) by using the addressed
nformation in a quantum computer is ex- surements and classical feedback. Because high- trolled controlled-NOT (Toffoli) gate operations
s population in |S′〉 is then excited to the
tremely vulnerable to noise induced by the fidelity measurements take time and potentially (4) (Fig. 1B). Although the process fidelities of
environment and thus needs to be protected disturb the qubit system, it can be advantageous available CNOT (92%) (18) and Toffoli (80%)
= −1/2) level by a circularly polarized
with quantum error correction (QEC) techniques. to use a measurement-free QEC algorithm based (19) implementations could possibly be improved,
m at a wavelength of 397 nm. Lastly, the
Pioneering theoretical work in this field has on implicit quantum feedback (4, 7 ). Also, in it seems more promising to pursue an approach
shown that all errors can be corrected for if im- contrast to previous expectations (13), these based on global Mølmer-Sørensen entangling gate
n from the 4P1/2 level spontaneously
perfections of the quantum operations and mea- measurement-free protocols lead to error thresh- operations (fidelity of 99%) (15, 20). These operathe 4S1/2 level (population loss into
surements are below a certain (error) threshold olds comparable to those of their measurement- tions provide a universal set of gates in combination with individually addressed Stark-shift gates
and the correction can be applied repeatedly (1–3). based counterparts (14).
el is avoided by a repump laser resonant
We demonstrate repeated QEC with a system and collective single-qubit rotations (17, 21). MoreSuch error thresholds depend on details of the
physical system, and quantifying them requires a of trapped 40Ca+ ions as qubits, and multiple rep- over, the optimization procedure of (17) allows
D3/2 − 4P1/2 transition). The electronic
careful analysis of the system-specific errors, the etitions of the algorithm are enabled by a toolbox us to rigorously simplify the pulse sequence for a
he system qubit is not affected by the
en- and decoding procedures, and their respective consisting of high-fidelity quantum operations complete algorithm based on this set of gates.
implementation (4). It is currently accepted that (15, 16), an optimized pulse sequence (17), and a Two additional refinements lead to the algorithm
ping laser because it couples only to the
gate error probabilities ranging from 10– 4 to 10–5 are qubit-reset technique that has a negligible effect used for the optimization (Fig. 1B). First, the space
population in |S′〉. The effect on the motolerable (5), which seem to be in reach with tech- on the system of qubits. The performance of the of optimized solutions is increased by adding an
nical improvements in conjunction with dynamical implementation is assessed with quantum process arbitrary unitary operation, U, acting only on the
e of the ion string was calculated with a
control techniques (6). In addition, fault-tolerant tomography in the presence of phase-flip errors, ancillas before resetting them. Second, the ennumerical simulation from which we
operation requires highly efficient, repeatable al- and its behavior is analyzed for different environ- coding stage can be simplified by adding an opgorithms to minimize the computational over- ments that show correlated and uncorrelated phase eration, D, and its inverse, D−1, that commutes
heating rate of 0.015 phonons per reset
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ur experimental parameters. Because the
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Erasure-correcting code in optics
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Encoding:
|0iL = (|00i12 + |11i12)(|00i34 + |11i34)
|1iL = (|00i12 − |11i12)(|00i34 − |11i34)
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We can consider the effect of a qubit loss as an unintended measurement from which we learn no information. The main feature of the code (1) is that the de23 one of the physical
45 qubits will not 45
tected loss of any
destroy the information of the logical qubit, but merely
yields a recoverable Pauli error. Suppose for example,
2345
2345
qubit
1 is lost. We first measure
the qubit 2 in computational (|0/1!) basis. With its measurement result
(q2 = 0 or 1), we can obtain a pure quantum state |ψ ! !l =
q2
a0 (|0!3 |0!4 +|1!
3 |1!4 )+(−1) a1 (|0!
23
453 |0!4 −|1!3 |1!4 ). With
45
similar reasoning, more-qubit loss can also be corrected
23 size of loss-tolerant
45 codes in the form45
by increasing the
of
⊗n
⊗n ⊗m
|Ψ!l = a0 (|0! + |1! ) + b0 (|0!⊗n − |1!⊗n )⊗m , which
can be created e.g., by the incremental encoding scheme
proposed in Ref. [29].
Demonstration of the QEEC code
A quantum circuit to implement the encoding of the
four-qubit QEEC code is shown in Fig. 1. To implement
this, we design a linear optics network (see Fig. 2A). The
physical qubits are encoded by the polarizations of photons, with 0 corresponding to the horizontal (H) polarization and 1 to the vertical (V). As shown in ref. [31, 32],
such an encoding method naturally incorporates a loss
detection mechanism and may enable high-fidelity linear
optical QC. Our experimental setup is illustrated in Fig.
2B. We use spontaneous parametric down conversion [34]
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FIG. 1: A quantum circuit with two Hadamard (Hd ) gates
and three CNOT gates for implementation of the four-qubit
QEEC code. The stabilizer generators of the QEEC code are
X ⊗ X ⊗ X ⊗ X and Z ⊗ Z ⊗ Z ⊗ Z, where X (Z) is short
for Pauli matrix σx (σz ) [24]. As proposed by Vaidman et al.,
this four-qubit code can also be used for error detection [33].
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FIG. 2: The linear optical networks and experimental setup.
A. We simulate the CNOT gate in Fig. 1 using a polarizing
beam splitter (PBS) and a half-wave plate (HWP), through
which a control photon (α|H" + β|V ") and a target photon
|H" evolve into (α|H"|H"+β|V "|V ") after postselection. Thus
the circuit in Fig. 1 can be realized by this linear optical
network. B. A pulsed infrared laser (788nm, 120fs, 76MHz)
passes through a LiB3 O5 (LBO) crystal where the laser is
partially up-converted to ultraviolet (λ=394nm). Behind the
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For input states |V iL, |+iL and |RiL, the recovery fidelities averaged
over all possible measurement outcomes are found to be 0.832 ± 0.012,
0.764 ± 0.014, and 0.745 ± 0.015 demonstrating error correction.

Erasure-correcting code in optics
M. Lassen et al. Nature Photonics 4, 700, 2010

Error model: random fading,
likely to occur as a result
of time jitter noise or beam
pointing noise in an atmospheric transmission channel
and can be represented by
ρ = (1 − PE )|αihα| +
PE |0ih0|
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We now proceed by discussing the results of probabilistic
recovery of quantum information, where the objective is to use a
probabilistic QECC to surpass the fidelity associated with a single
channel. In contrast to the deterministic approach, for which stringent conditions are put on the channels, the probabilistic approach
is much less stringent. One may allow for multiple erasures and, in
addition, there are no requirements regarding knowledge of the
occurrence and location of the erasures. In this case, the density
matrix of the transmitted state is given by

Subsequently, we performed 16 different full measurement runs by
interchangeably blocking the four channels corresponding to the
16 different transmission patterns. The measurement outcomes are
then weighted by the probabilities Pi to create the density matrix of
the transmitted mixed state. The corrupted states were then probabilistically corrected by conditioning on the outcomes of the syndrome
measurements (SMs). For the realization in Fig. 3 we used the condition that if the measurement outcomes obeyed |xm| . 0.8 and
|pm| . 0.8 (found from optimization15), an error was detected and
the resulting transmitted state was discarded. After this filtering

A/D card

−

Coherent state
HD1

|α

θ

Digital
data
processing

LO

X

Figure 1 | Schematics of the experimental QECC set-up. a, The four-mode code is prepared through linear interference at three balanced beamsplitters
(BBS) between the two input states, |al and |0l, and two ancillary squeezed vacuum states. The latter states are produced in two optical parametric
oscillators, OPO 1 and OPO 2, and the coherent state is prepared via a coherent modulation at 5.5 MHz produced by an amplitude (AM) and a phase
modulator (PM). b, The encoded state is injected into four free-space channels that can be independently blocked, thereby mimicking erasures. c, The
corrupted state is decoded, the error is detected by the syndrome measurement (SM) and the state is deterministically corrected or probabilistically selected.
The measurement is an entangled measurement in which the phase and amplitude quadratures of the two emerging states are jointly measured (for example,
see ref. 25). The error correcting displacement or post-selection operation is carried out electronically after the measurement of the transmitted quantum
states. These states are measured with two independent homodyne detectors that allow for full quantum state characterization, by scanning the phases (u )
of the local oscillators (LOs) with respect to the phases of the signals. All erasure events are obtained by blocking the beam paths.

that a subpart of the deterministic circuit has been implemented in
the context of CV quantum secret sharing24.
Schematics of the set-up are depicted in Fig. 1, showing an encoding station where the four-mode code is prepared, an erasure channel
where information is randomly erased, and a decoding station, where
measurement outcomes either correct or filter the corrupted state.
The key element in the preparation stage is a two-mode Gaussian
entangled source, which exhibits quantum correlations between
pairs of conjugate quadrature amplitudes (see Methods). This state
interferes with two signal states to form the final four-mode code
comprising four optical beams. A vacuum state is chosen as one of
the input signals, and the other input is prepared in a coherent
state. This choice simplifies the experimental realization, but is not
an intrinsic limitation of the scheme. The four resulting beams are
then dispersed into four free-space transmission channels that can
be independently blocked to simulate any combination of erasures.
At the decoding station the interferences are reversed in two balanced
beamsplitters, and two of the resulting outputs are jointly measured
in an entangled measurement strategy25 in which the modes interfere
on a balanced beamsplitter and conjugate quadratures are measured
at the two outputs (see Fig. 1). The resulting outcomes are now used
either to deterministically correct the errors through conditional
linear displacements or to probabilistically filter out the lossinfected states.
First, we describe the deterministic correction strategy. Figure 2a
shows a scan of the quantum-mechanical oscillator comprising the
coherent state quantum information of the input state. The information encoded in a coherent state can be concisely described by
the conjugate quadrature operators: the amplitude x̂ and the
phase p̂ such that |al = |kx̂l + ikp̂ll. For the specific measurement

run shown in Fig. 2a, |al ≈ |3 þ 3il. Figure 2b illustrates the
measurements at the homodyne detector HD1 after the fourmode state has been transmitted through the channel with erasure
on channel 2. The state is clearly seen to be corrupted as the first
and second moments of the quantum oscillator are significantly
changed. However, by using the measurement outcomes (xm , pm)
of the homodyne detectors (Fig. 2c) to linearly displace the amplitude and phase quadratures
√!! of the transmitted
√!!state (xo , po) with the
gain, G (xo " xo + Gxm , po " po + Gpm ), the original
quantum state is partially recovered, as shown qualitatively in
Fig. 2d for G ¼ 1.97. The accuracy in the estimation of the error
(and thus the precision of the displacement) depends crucially on
the degree of squeezing: by using infinite squeezing, the transmitted
states can, in principle, be perfectly corrected15. With finite squeezing the protocol can be quantified by the fidelity between the input
state and the corrected output state. Based on the measurements
presented above, the fidelities are computed for various gains and
the results are depicted by the blue squares in Fig. 2e. A
maximum fidelity of 0.57+0.02 is obtained, which clearly surpasses
the classical benchmark of 0.50. Similar fidelities are achieved for
the erasure of channel 1, whereas fidelities close to unity are
obtained when channels 3 or 4 are blocked. Measurements for
which the two-mode squeezed state was replaced by vacua were
also carried out for different displacement gains. The resulting fidelities are depicted in Fig. 2e by the red circles, and they nicely illustrate the need for entanglement. Although the protocol has been
implemented only for a specific pair of input coherent states, it
will work equally well for any coherent state as the protocol is invariant under displacements. Thus any input alphabet of coherent
states can be corrected.

The CV code for protecting
quantum information from
erasures is a four-mode
entangled mesoscopic state
in which two (informationcarrying) quantum states are
encoded with the help of a
two-mode entangled vacuum
state
NATURE PHOTONICS | VOL 4 | OCTOBER 2010 | www.nature.com/naturephotonics
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Figure 2 | Results of the deterministic QECC protocol. a, Phase scan of the input coherent state with the excitation |al ≈ |3 þ 3il. b,c, Phase scans of the
output state measured at HD1 before correction (b) and of the corrected output state (c). d, Histograms of the marginal distributions of the amplitude and
phase quadratures of the joint syndrome measurement (in shot noise units, SNU). Red and blue curves correspond to the marginal distributions for a shotnoise-limited (SNL) state, whereas the black curves are the best Gaussian fits to the histograms. e, Fidelity is plotted as a function of the displacement gain
with (blue squares) and without (red circles) the use of entanglement. The dashed and solid lines are the theoretically predicted fidelities for 0 dB and 2 dB
of two-mode squeezing, respectively. The error bars depend on the measurement error, which is mainly associated with the stability of the system over time
and the finite resolution of the analog-to-digital converter. This amounts to an error of +3% for all fidelities.
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DFS in neutron interferometry
Neutron are great probes to
• characterize magnetic, nuclear and structural properties
of materials, protein structures
• can be used on biological or
cold material,
• but they lack robustness

D. Pushin, et al. PRL 107.150401, 2011

From an information processing point of view:
1
|01i → √ (|01i + |10i) → α|01i + β|10i
2
or in “logical” terms:
1
|0Li → √ (|0Li + |1Li) → α|0Li + β|1Li
2
The dominant noise is a phase shift due to rotation around the
vertical axis, i.e. eiθZ

DFS in neutron interferometry
D. Pushin, et al. PRL 107.150401, 2011

In the 4(or 5)-blade case
we have path 1 and path
2 canceling each other
phase gain/loss and this
is similar to 2 qubit system subject to the noise
Z1Z2 which has a DFS
{|01Li, |10Li}.

Magic state distillation
Kitaev and Bravyi Phys. Rev. A 71 (2005) 022316

If ρ has imperfection such as
p0
ρ = 1l + √ (X + Y + Z)
2
3
we can use the decoding of 5 bit code to purify the state
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i.e., if p0 is near enough 1, p00 > p0
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Magic state distillation
Use crotonic acid
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Conclusion
In order to implement quantum error correction, we need
• Good knowledge of the noise
• Good quantum control
• Ability to extract entropy
• Parallel operations
We have seen, in the last 4 years, an increased integration of
these requirements, much better control, and operations on
a larger number of qubits.
But it is only the beginning of experimental QEC and its fault
tolerant implementations.
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